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Orthogonal Wavelet Vectors in a Hilbert Space

Huai-Xin Cao and Bao-Min Yu

Abstract. In a Hilbert space, some concepts, such as orthogonal wavelet vec-
tor, multiresolution analysis(MRA), scaling vector, unitary-shift operator, are
introduced, the existence of scaling vectors and orthogonal wavelet vectors are
proved, and the standard forms of them are also given. Our abstract argu-
ments give a short and brief proof of the usual existence result of orthogonal
wavelet in L*(R).
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Wavelet Analysis has been widely used in applied subjects. Abstract Wavelet Anal-
ysis has been studied in papers [1-8]. The main aim of the applied Wavelet Anal-
ysis is to find wavelets and the usual multiresolution analysis (MRA) is a best
way of constructing orthogonal wavelets [9-12]. In this paper, we want to discuss
Abstract Multiresolution Analysis (AMAR), i.e., multiresolution analysis in an ab-
stract Hilbert space, which gives a way of constructing orthogonal wavelet vectors.
Throughout this paper, 57 denotes any separable complex Hilbert space over the
complex field C, Z () denotes the C*-algebra consisting of all bounded linear
operators on 7. For E C B(), let E' be the commutant of E in Z(.5), that is,

E ={T € B(A)|TA=AT,YA € E},

% (E) be the set of all unitary operators in E. The letter Z denotes the set of all
integers, and ¢?(Z) denotes the Hilbert space consisting of all complex sequences

—+oo
{ea} T such that > |en|> < 400, (2,y) is the inner product of z and y,

\/ F stands for the clos;d linear space spanned by F'.
Definition 1. If D and T are unitary operators on ¢ such that 7D = DT?, then

we call the pair (D, T) a pair of wavelet-operators on JZ.
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Example 1. (1) Let D be any unitary operator on J#, I be the identity operator on
A, then (D, I) is a pair of wavelet-operators on 7. Generally, if (D, T') is a pair of
wavelet-operators on .7, then for each unitary U on 7, the pair (UDU*,UTU*)
is also a pair of wavelet-operators on 77 .

(2) Suppose % = L?(R), define (Df)(t) = /2 f(2t), (Tf)(t) = f(t—1), then
(D, T) is a pair of wavelet-operators on 7.

(3) Let

H =L*R)" ={(f1, for-- -, fa) : fu € L*(R)}

be the n-copies of the Hilbert space L?(R) and (D, T) be as in (2). Define

Dy (f1, f2r- -y fa)=(Df1,Dfa, ..., Dfn), Tn(f1, f2,---, fu) =T f1, Ty . s T fr),

then D,,,T,, are unitaries on 5Z’. For any unitary U on the Hilbert space ¢, it is
easy to check that the pair (UD,U*,UT,U*) is a pair of wavelet-operators on ..

In the following, we use the notation (D,T) to denote an arbitrary pair of
wavelet-operators on . For any unit vector ¢ in 7, write

Vi e = DITEY,V (5, k) € Z°.

Definition 2. If the vectors {;}, ., consists of an orthonormal basis for 7,
then we say that ¢ is a (D, T)-orthogonal wavelet vector in 7.

For example, let S be the bilateral shift on the Hilbert space ¢?(Z) and
{en}nez be the canonical basis for s# = ¢*(Z). Then the vector eg is a (S, I)-
wavelet vector in 7. Also, let h be the Haar wavelet:

1, ifo<zx < 5
h(z) =< -1, 1f1<x<1
0, otherw1se

and (D,T) be as in (2) of Example 1. Then it is well-known that h is a (D, T)-
orthogonal wavelet vector in 7.

Definition 3. Suppose that .# = {V;|j € Z} is a sequence of closed subspaces of
S satisfying the following conditions:
(1) V, C Vg1, Vn € Z,

() U Vo=,
(3) 0,Va=1{0},
()TVo—Vo,

(5) D"Vy = V,,,¥n € Z,
then ./ is called a (D,T)-MRA for 7.

Definition 4. Let .# = {V;|j € Z} be a (D,T)-MRA for J7. If a unit vector
¢ € J such that {T™¢|n € Z} consists of an orthonormal basis for Vp, then we
say that ¢ is a (D, T)-scaling vector for ./ .
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Definition 5. Let A be a unitary operator on a Hilbert space JZ". If there exists a
unitary operator U : # — (?(Z) such that A = U*SU, where S is the bilateral
shift on ¢2(Z), then A is called a U-shift operator on %', shortly, a U-shift.

Proposition 1. Let # = {V;|j € Z} be a (D,T)-MRA for 7, T|v, be a U-shift
on Vo. Then ¢ :=U"eq is a (D, T)-scaling vector for .4 , where eg = {3j 0}, -
Theorem 1. If .# = {V;|j € Z} is a (D,T)-MRA for 5, T|y, is a U-shift on
Vo, ¢ is a unit vector, then ¢ is a (D, T)-scaling vector for .4 if and only if
© € U*(% ({S} )eo), where % ({S} )eo = {Aeg| A e %({S}')} .
Proof. Suppose V € % ({S}'), then V'S = SV and so S = VSV *. Thus,

Ty, =U"SU =U*VSV*'U = (V*'U)*S(V*U),
which yields that T'|y, is a V*U-shift. By Proposition 1, U*Veg is a (D, T)-scaling
vector for .Z.

Conversely, suppose that ¢ is a (D, T')-scaling vector for .# and ¢ = U*ey.
From Proposition 1 we see that ¢q is a (D,T)-scaling vector for .Z. Since ¢ is
also a (D, T')-scaling vector for .#, then {T"¢1 |n € Z} and {T"p|n € Z} all are
orthonormal bases for Hilbert space Vp. Define R(T"¢1) = T™¢p, Vn € Z, then
we can get a unitary operator R on Vp. Clearly, RT|y, = Ty, R. Now, we put
V = URU*, then V is a unitary operator on ¢?(Z) and

VS =URU*S =URT|y,U* =UT|y,RU* = SURU* = SV,
hence V' € % ({S}'). In addition, since U*Vey = RU*¢y = Ryp1 = ¢, we have
p € US(% ({5} )eo). O
Corollary 1. If # = {V;|j € Z} is a (D,T)-MRA for A, Ty, is a U-shift on
Vo, ¢ is a unit vector, then ¢ is a (D, T)-scaling vector for .4 if and only if
¢ € U%({T|v,} )U*eo.
Proof. This follows immediately from % ({T|v,} ) U* = U*% ({S}'). O
Lemma 1. There erxists a unitary operator Cy on (*(Z) such that
Ci=—I, C1J=JCy, SC, =—-C,S™!
and
[(Crew, )| = e—k—1, I(Vk € Z,Vf € ),
where J : (*(Z) — (*(Z) is the conjugate linear operator on (*(Z) defined by
J{en} = {en}

Proof. Let {e, |n € Z} be the canonical orthonormal basis for ¢3(Z). It is easy to
check that the map

Cl : Z An€n Z(—l)n+1 A n—1€n
nez nez

is a unitary operator on £2(Z) satisfying the desired conditions. Especially, C1e; =
(—1)k6_k_1. O
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Remark 1. For any unitary C; on ¢?(Z) satisfying the four conditions in Lemma 1,
let C' = JC1, then it can be proved that C : £2(Z) — (*(Z) is a bounded conjugate
linear operator and has the following properties:

(1) C* = —I;

(2) (Cz,Cy) = (y,z) ,Vx,y € I*(Z);

(3) Czlz,Vx € (2(Z);

(4) S"C = (~1)"CS~™,¥n € Z;

(5) (Cex, )l = [{e—r—1, )|(Vk € Z,Vf € ).

Lemma 2. {m —2k|k € Z}U{2k—m —1|k€Z}=Z,Vm e Z.

Lemma 3. If # ={V;|j € Z} is a (D,T)-MRA for 7, Ty, is a U-shift, ¢ is a
(D, T)-scaling vector for 4, f = UD Yy, and C is any bounded conjugate linear
operator satisfying the first four conditions in Remark 1, then

(1) {S*f|l € Z} is an orthonormal basis for UV_.

(2) #:={S*f|leZ} U{S?Cf|l € Z} is an orthonormal subset of ¢*(Z).

Proof. Since
S f=S*UD o =UT*D ' =UD"'T"p
and {Tlcp |l e Z} is an orthonormal basis for V;, then
{SP'fliez} =UD {T'p|l e Z}

is an orthonormal basis for UD~'V;; = UV_;. Hence (1) holds. Since ¢ is a unit
vector and S and C all are isometry operators, then each element in % is a unit
vector. Further, it follows from Lemma 1 that

S?kCf =08k f(k e),
and thus when k # [,
(SkCf,SCf)y = (CS™2Ff,C87% f)y = (ST f,57% f) =0.
Therefore { SACf|l e Z} is an orthonormal subset. Moreover, since
SO = SHHGHIof = (—1)klgkH gk f

and by Remark 1, S"Ff1OS=Ff = (~1)FIS*ICf, we get SI=FfL1SkICY.
Since S'** is unitary, so

S2lf _ Sk+lSl_ka_Sk+lSk_le _ Sszf.
It follows from part (1) that 2 is an orthonormal subset in ¢2(Z). O
Lemma 4. If E,F C s and ELF, then \/(EUF)=\VE @\ F.

Proposition 2. Let .# = {V;|j € Z} be a sequence of closed linear subspaces of
A satisfying the conditions (1)~(3) in Definition 3, and W, = V,o1 NVt =
Vit1 © Vi Then

H = o W, = { E ZTp | Ty € Wy, and E T, 1S conveTgent} .
nez
nez nez
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Now, we can give a method of constructing (D, T')-orthogonal wavelet vectors
from a given (D, T)-MRA.
Theorem 2. If # ={V;|j € Z} is a (D,T)-MRA for 5, Ty, is a U-shift on Vo,
@ is a (D, T)-scaling vector for .4 , then for each integer k, 1y := DU*S**CUD*¢
is a (D, T)-orthogonal wavelet vector in J, where C is any bounded conjugate
linear operator having the properties (1)-(5) in Remark 1.

Proof. By Proposition 2, 5 = @& Wj. It is easy to see that
nez

W; = Vi NViE = (DVi) n (D' Vo)* = DY (Vin V') = DIWo,
hence .7 = @ DIW,. So it suffices to show that {lek |l e Z} is an orthonormal
JEZ
basis for Wy. Put f = UD™ 'y, then
T, = T'DUS**CUD o = DT?'U*S**CUD™'p = DU*S*' 2+ Cf.

Thus, to prove that {le |l e Z} is an orthonormal basis for Wy, we only need to
show that {U*S?'Cf|l € Z} is an orthonormal basis for W_; (because DW_; =
Wo). Further, because U*(UVy, & UV_1) = Vy © V-3 = W_q, it suffices to show

that {SQle |l e Z} is an orthonormal basis for UVy © UV_;. By Lemma 3, the
set

#:={S"fllez}u{S*Cfller}
is an orthonormal set in £2(Z) = UV,. Combining with Lemma 4, we see that
\Vz=\/{s*fliez}a\/{*Cflicz}=UV_, @ \/{S*CfllecL}.
Suppose that P is the orthogonal projection of £2(Z) onto \/ %, and f = 3. A.en,

nez
<em7 E )\n—2l en>
nez

[(ems SZCFY] = |(Cem, ST2FY| = [(ecma1, ST2F)] = Patmer]

It follows from Lemma 2 that

IPeml> = " [(em, LA+ D [(em, $2C )|

then
|(em, S* F)| =

= |)\m—2l| ;

leZ lez

= Z |)\m—2l|2 + Z |)\2l—m—1 |2
leZ lez

= |IfI?

= 1.

Hence ||e;, — Peml|> = [|em || —||Pem||* = 0. This implies that Pe,, = e, VYm € Z.
Thus, ¢?(Z) = \/ 4. Therefore

\/ {s*Cfliez} = UV)n(UV)" =UV e UV
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This shows that {Slef |l e Z} is an orthonormal basis for UVy © UV_1. Hence,
from preceding arguments we can conclude that vy, is a (D, T')-orthogonal wavelet
vector in 7. O

Next theorem gives a general form of (D, T')-orthogonal wavelet vectors.

Theorem 3. Let ¢ be a (D, T)-orthogonal wavelet vector in J, v be a unit vector
in A, then ¢ is a (D, T)-orthogonal wavelet vector in S if and only if there exists
Ve % (Cyy{D,T}) such that ¥ = Vipg, where Cy, {D, T} stands for the set

{A € B(AH)| ABy = BAy,¥ B € {D,T}}.
Proof. Suppose V € % (Cy, {D,T}), ¥ = Vb, then
Dy = DVpg = VDo, T =TVipy = VIyo.

Hence

Vi = DITFy = VDIT ) for j,k € Z.
Since {Dj T*g |4,k € Z} is an orthonormal basis for J# and V is unitary, so
{1 |j,k € Z} is an orthonormal basis for . and then v is a (D, T')-orthogonal
wavelet vector in 7.

On the other hand, suppose that 1 is a (D, T')-orthogonal wavelet vector in
€, then {Dkawo |4,k € Z} and {Dkaw |,k € Z} all are orthonormal bases
for 7. Define

V(D'T*y) = D'T*¢ (j, k € Z),
then we obtain a unitary operator V on 2 with Vi, = 1. Further, since
DVpg = D =V Dy,

TVipo =Ty = VT,
we see that V € % (Cy, {D,T}) which satisfies ¢ = V). O

Example 2. Let 7 and (D, T) be as in part (2) of Example 1, define po = x[0,1),
and

Vb:\/{T"‘P0|”€Z}:\/{X[n,n+1)|n€Z},Vn:D"Vb,

Then # = {V,|n€Z} is a (D,T)-MRA for s([11, Example 6.4.3]). Define
U: Vo — 2(Z) by U(T"po) = ey, then U is a unitary operator with UT |y, = SU.
So Ty, is a U-shift on Vp. It is easy to check that ¢g is a (D, T)-scaling vector
for ./ and ¢y = U*eg. By Theorem 2, ¢ = DU*CUD"po = X[-1/2,0) = X[-1,-1/2)
is a (D, T)-orthogonal wavelet vector in J#. It is clear that — T is also a (D, T)-
orthogonal wavelet vector in 7. Clearly, — T4y = X[o,1/2) — X[1/2,1); which is just
the Haar wavelet.

By using our abstract result(Theorem 2), we can easily deduce the following
standard result in traditional wavelet analysis, without using Fourier transforma-
tion.
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Theorem 4. Let # = {V, |n € Z} be an MRA for the Hilbert space L*(R) with a
scaling function ¢ that makes {@o i }kez is an orthonormal basis for Vo. Then for
every integer k, the function

Y = Z(‘Unﬂ (P1,-n—1, )1 nt2k
nes

is an orthogonal wavelet in L?(R), where ¢; 1 (t) = 27/%p(27t — k).

Proof. Let s# = L*(R) and (D,T) be as in the part (2) of Example 1, then
M ={V,|ne€Z}isa (D, T)-MRA for the Hilbert space .# with a (D, T')-scaling
vector . Define U : Vo — (2(Z) by U(T™¢) = e, then U is a unitary operator

with UT|y, = SU. So Ty, is a U-shift on ;.
Let C; be the unitary operator given by the proof of Lemma 1, and C = JCh,

then
C (Z )\nen> = Z(—l)’”r1 An—_1€n,

nez nez

for all {\, }nez. From Theorem 2, we see that ¢, = DU*S**CUD*y is a (D, T)-
orthogonal wavelet vector in .7 for every integer k. Since D*p € V_; C Vj and
{T"p}ncz is an orthonormal basis for Vp, we see that

Do =) (D"p, T )T .
nez
Thus, an easy computation shows that
Yk =Y (1)"THDT "0, o) DT o = > (1) (o1, n1,9) 01, m 12k
nez nes
This completes the proof. 0

Remark 2. Under the assumptions of Theorem 4, since T*D = DT?* we see that
i, = T*e)y for every integer k. Especially, the functions

Yo=Y (=1)"DT ", ) DT ¢ (See [12], P. 135)
nez
and
Y1 =Y (=1)"THUDT ", ) DT o = > " (=1)"" (DT ", o) DT"
nez nez

are orthonormal wavelets in L?(R).
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Operator Frames for B(H)

Chun-Yan Li and Huai-Xin Cao

Abstract. Operator frames for the space B(H) of all bounded linear operators
on a Hilbert space H are introduced and discussed. By introducing the concept
of operator response of vectors in a Hilbert space, we establish a relationship
between operator frames for B(#) and usual frames for Hilbert space H and
show that operator frames preserve so many properties of usual frames that
we can say that the concept of operator frames is a generalization of frames
for Hilbert spaces. In fact, a frame for a Hilbert space or a frame of subspaces
for a Hilbert space may be considered as a special case of operator frames in
certain sense.

Mathematics Subject Classification (2000). Primary 42C15; Secondary 46C99.

Keywords. Operator frame; operator Riesz basis; Hilbert space.

1. Introduction

In 1946, Gabor [12] discussed a decomposition of signals in terms of elementary sig-
nals. In 1952, Duffin and Schaeffer [11] generalized the Gabor’s fundamental ideal
and introduced the notion of frame in nonharmonic Fourier analysis. The work of
Duffin and Schaeffer was not continued until 1986 when Daubechies, Grossman
and Meyer [10] applied the theory of frame to wavelet and Gabor transform. After
their work, the theory of frame began to be studied widely and deeply. Today,
the theory of frame has been applied to signal processing, image processing, data
compressing, and sampling theory and so on.

In this paper, let A be the set of all integral numbers or the set of all natural
numbers, F(A) be the set of all nonempty finite subsets of A and B(H, K) be the
set of all bounded linear operators from a Hilbert space H into a Hilbert space K.
In the case where K = H, we write B(H) = B(H, H).

This work was supported by the NNSFs of China(No. 10561113, No. 19971056).
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A frame for a Hilbert space H is a sequence { f;}iea of vectors in H satisfying
the condition that there exist constants A, B > 0 such that

Allz|* <Y [(fi2)* < Bll2||*,Va € H.
HISHN

Theory of frames for Hilbert spaces have been developed deeply. Many people have
done momentous works in this field such as D. Han, D. Lason, R. Young, P. G.
Casazza, O. Christensen and H. X. Cao(see [2,6,9,14,16]).

In 2004, P. G. Casazza introduced in [3] the notion of frames of subspaces.
Let {v;}ien be a family of weights, i.e. v; > 0, Vi € A. A family of subspaces
{W;}iea of a Hilbert space H is a frame of subspaces with respect to {v; }iea for
‘H, if there exist constants A, B > 0 such that

Allz|® <Y villmw,|? < Blz|?, ¥z € A, (1.1)
1EA
where 7y, is the projection from #H onto W;, Vi € A.
In 1990s, Grochenig, Aldroubi, Sung and Tang began to study the theory
of frame in Banach spaces. They introduced two kinds of notions of frames in a
Banach space: Banach frames and p—frames(l < p < 00). A sequence {f;}iea in

the dual space X* of a Banach space X is a p—frame for X if there exist constants
A, B > 0 such that

Allz| < |{(z, f7) Yieallina) < Bllz||, ¥,z € X.

And a Banach frame with respect to the Banach space {P(A) for X is a p—frame
for X with a reconstruction operator S(see[1,13]).

In this paper, a new notion of frames is introduced: operator frames. We will
see that an operator frame is different from a frame for Hilbert spaces and a frame
of subspaces. When we consider an operator frame as a sequence of elements in
the dual space of space L!(H) of trace-class operators on a Hilbert space H (since
B(H) = L*(H)*(see[15])), it is not difficult to find out that an operator frame
is also different from a Banach frame for L'(#). In Section 2, we will give the
concepts of operator Bessel sequences, operator frames and operator Riesz bases
and discuss some properties of them. It is well-known that if a Banach frame
{T;}ien for L'(H), has a dual, we can reconstruct every element in L'(#) and
its dual space B(H) immediately. Unluckily, a dual of a Banach frame does not
always exist and so this reconstruction maybe not be realized. One can refer to
References [1,4,5,7,13] for the theory of Banach frames. In Section 3, dual frames
of an operator frame is defined. The advantages of an operator frame are shown
by the following facts. First, a dual of an operator frame always exists; second, we
can reconstruct not only elements of H, but also elements of B(H) pointwisely by
using an operator frame and its dual frame. In order to establish a relationship
between operator frames and frames for Hilbert spaces, we introduce the notion of
operator response in Section 4. In this section, we shall see that, in some sense, the
notion of operator frames can be viewed as a generalization of frames for Hilbert
spaces.
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2. Operator Frames

Definition 2.1. A family of bounded linear operators {7} };ca on a complex Hilbert
space H is an operator Bessel sequence in B(H), if there exists a positive constant
M > 0 such that

D IITiwl* < M|, Va € H,

1EA
M is called a bound for {T;};ca. Denote by Bz the set of all operator Bessel
sequences in B(H)} indexed by A.

For any elements T = {T;};ca and S = {S;}iea of By, we define
AT + puS = {)\Ti + ,uSi}ieA, VA ueC,

and

1
Il = sup (3 I Ti]?)=.

lell<1 5%

We can easily check that (By, | -||) is a Banach space.
Let H be a Hilbert space. We denote that

S(H) = {{zitier 1 v € H}
P(H) = {{witiea s 2 € Hy Y s> < o0}

€A
and define an inner product
({zitien, {yitien) = Z(%m)-
€A
Proposition 6.2 in [8] yields that [*(#) is a Hilbert space.
Let T = {T;}ica be an operator Bessel sequence in B(H) and the operator

Ry :H — *(H)
be defined by
Rrx = {Tix}icp, Va € H.
Clearly, Rt is a bounded linear operator.
Define
a(T) = Ry, ¥T € By,
then we get a mapping a from (By, || - ||) to B(H,1*(#)). It is clear that « is linear

and isometric.

Let {e;}ica be an orthonormal basis for H and A be an operator in B(H, [>
(H)). Assume that

Ae; = {fi}jen € IP(H),Vi € A,
then

Az = A(Z cie;) = {Z cifi}jen € P(H), Vo = Zciei cH.

1EA 1EA 1EA
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This shows that for any z = Y ¢ie; in H, > ¢; f; converges. Define a sequence of
i€A i€A
operators T' = {7} ea by
Tix = Zcif},Vx = Zciei e H.
i€A i€
From [9, Theorem 1], we have that there exists M > 0 such that

ITyell® = 1Y eIl < Ma|®.

€A
Thus, {T;};ea C B(H). For any x = 3 ¢;e; € H, we get
€A
DTl =1 el = [ Azl® < A%
JEA JEA P€A

Hence, T = {7} }jen is an operator Bessel sequence. Compute
Rrx = {zj}je/\ = {Z Cif;:}je/\ = Az, Vx = Z cie; € H.
i€A icA
This shows that R = A. Consequently, the space By and the operator space

B(H,1*(H)) are isometrically isomorphic. This fact will be used in our discussion
on operator frames.

Definition 2.2. Let T'= {T;};ca be an operator Bessel sequence in B(H), then the
operator Rr is called the analysis operator of T' = {T;};ca.

Lemma 2.3. Let T = {T;};ca be an operator Bessel sequence in B(H). Then the
adjoint of Rt is given by
Ry({zitien) = ZTi*xi, V{zi}tica € P(H).
€A
Proof. Assume that T = {T;};ca is an operator Bessel sequence in B(H) with a
bound Mr. {z;}ica € I>(H) means that > ||z;||* converges i.e. Ve > 0,3IN € F(A)
€A
)

such that > ||z;]|?> < &, whenever L € F(A) with LN N = (). For every L € F(A
i€L
with L NN = (), we can find a unit vector xq € H such that
1> Tl = | Trws,wo)| = 1Y (@i, Tizo)|-
ieL ieL ieL

Hence,

Y " Trzl* = 1> (i, Tizo)|?

i€L i€L
< > lwill*- Y I Tl
(S €A
S MTE.
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This shows that ) T;'z; converges. Thus, R is well-defined. Also, it is easy to
€A
check that the adjoint of Rp is defined as above. O
We call R, the synthesis operator of T' = {T; }ica.
Theorem 2.4. Let T = {T;}ica be a sequence of operators on H, then the following
statements are equivalent.
(1) T ={T;}ica is an operator Bessel sequence in B(H).
(2) There exists a positive constant M such that
I Traill® < M{{z:}ieal, Haitiea € P(H).
€A
(3) There exists a positive constant M such that
I Trasl® < MY ail®, Waitiea € S(H),VL € F(A).
i€l ieL
(4) For every {x;}ica € I*(H), > T7z; converges.
€A
Proof. Clearly, (2) < (3) < (4) is always true.
Next, we prove (1) < (2). Assume that T' = {T;};ea is an operator Bessel
sequence in B(H) with analysis operator Ry. Put M = || R%||?, then

Iy Tral? IR ({zi}iea) |

i€A
< R7I? - H{zitiea)
= M|{zitiea)l®,  Haitien € P(H).
Conversely, if (2) holds, we define an bounded linear operator Q : [*(H) — H by

Q{zi}iea) = >, T/ x;, and compute that
€A

A

Q*r = {Tiz}ien € I*(H), Yz € H.

Hence,
Yo ITal® = [{Tiztieal” = Q7 )” < Q7| - l|z], Vx € H.
€A
So T = {T;}ica is an operator Bessel sequence in B(H). O

Definition 2.5. A family of bounded linear operators {7} };ca on a Hilbert space H
is said to be an operator frame for B(H), if there exist positive constants A, B > 0
such that
Allz|> <Y | Tiz|)* < Bllz|)*, Y € H.
1EA

Where A and B are called a lower bound and an upper bound for the operator
frame, respectively. An operator frame {T;};ca is said to be tight if the constants
A and B can be chosen equally. It is called a Parseval operator frameif A= B =1,
and a self-adjoint operator frame if every operator T; is self-adjoint, i.e. T; = T}".



72 C.-Y. Li and H.-X. Cao

Let {W;};ca be a frame of subspaces with respect to {v;}ica for H. Put
T, = vimw,,Vi € A, then we get a sequence of operators {T;};ca. Clearly, the
condition (1.1) implies that there exist constants A, B > 0 such that

Alell? < 3 ITiel? < Bllal?, v € H.
1EA
Thus, the sequence {T;};ca becomes an operator frame for H. With this point
of view, a frame of subspaces can be viewed as a special case of operator frames.

Another relationship between operator frames and frames of subspaces is given in
Theorem 3.6 below.

Example 2.6. Let L?(R) be the Hilbert space consisting of all Lebesgue measurable
and square integrable functions on R. For every f € L?*(R), we define operators
V,U in B(L*(R)) in such a way that

(VF)(z) = fz - 1), (Uf)(z) =27 f(2x).

Then for every fixed k € Z, the sequence {U7V*},cy is a tight operator frame for
L?(R).
Indeed, for any f € L?(R), we have

SO UiV = Z/R|Uijf(x)|2dx

jeN JEN
- Z/|2%f(2jx—k)|2dx
jenYR
= Yoo [ ekt
jEN R
= Yt [l - 2
jEN R
— Yot
JEN
= Y2
JEN

= Q@+v2If*

Theorem 2.7. Assume that {T;}ica s an operator Bessel sequence in B(H). If
{T:}ien is a 2—frame for L'(H), then it is an operator frame for B(H).

Proof. Since {T;}icn is a 2—frame for L!(H), there are constants A, B > 0 such
that

Aol <3 [(The@)? < Bleoc|?, Vee .
1EA
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From the theory of trace-class operators, we can get
S e = Y lu(@e)n)?
€A €A
= Ylewe i)
1EA
= Y [T, x))?
1EA
< > IT| |l
HISHN
Note that ||z ® y||1 = ||z||[|y||, we obtain that
Allz|® <Y 1T
1EA

Since {T;}ica is an operator Bessel sequence, it is an operator frame for B(H). O

Assume that T = {7} };ea is an operator frame for B(H) and Ry, R} are the
analysis operator and synthesis operator of T' = {T;};ca, respectively, we define
the frame operator St of T = {T;},ca as St = R} .Rr.

Theorem 2.8. Assume that St is the frame operator of an operator frame T =
{T:}ien for B(H) with bounds A, B, then St is a positive invertible operator on
H and AI < St < BI. Moreover, we have a reconstruction formula

x = Z ST Tyx, Ya € H.
1EA
Proof. Tt is clear that St is positive. For any z € H, since T = {T;};ca is an
operator frame with bounds A, B, we have
(Az,z) = Al|z||* <> |Tiz|* = (Srz, z) < (Bz, ).
1EA
This shows that
Al < Sp < BI,
which implies that St is invertible. Further, for any = € H, we have
z =83 Srz = S;* ZTi*Tix = Z ST Tha.
i€A ieA

O

Definition 2.9. A sequence T' = {T;};ca in B(H) is said to be independent, if the
following condition is satisfied:

ZTi*xi =0, {xi}ie/\ S S(H) — x; =0,Vi € A.
1EA



74 C.-Y. Li and H.-X. Cao

Theorem 2.10. Let T = {T;};ca be an operator Bessel sequence in B(H), then

(1) T ={T;}ica is an operator frame for B(H) if and only if Ry is below bounded.

(2) T ={T;}ica is an independent operator frame for B(H) if and only if Ry is
invertible.

Proof. The proof of (1) is easy, so we omit it. Assume that T = {T;};ca is inde-
pendent, we now prove that Ry is invertible. On the one hand, from the condition
and the definition of independent operator frame, we can know that R7 is injec-
tive, and so R(Ryr) = ker(R%) = {0}. This shows that range of Ry is dense in H.
On the other hand, from (1), we know that Rr is below bounded and so R(Rr)
is closed. Hence R7 is invertible. Conversely, if Ry is invertible, then Rp is below
bounded. Thus, T' = {T; };ca is an operator frame. Now, suppose that T' = {T; };eca
is not independent, then there exist a non-zero sequence {z;};cp C H and some
1o € A such that z;, # 0. Thus

Ti’;xio = Z Ti*xi. (21)
i#io
Since Ry is also surjective, there exists € H such that Rpz = {T;z}jen = miy €

I2(H), where n;, = {y;}jen, Yiy = i, and y; = 0, j # io. Hence, T,z = z;, and so
(x, T z;,) = (Tyym, 24,) = ||T4,]|%> # 0. But (2.1) can implies that

» Lig
(x, T} x4) = (2, Z Trx;) = Z(w,Ti*xi) = Z(Tix,xi> =0.
i#io iZio i#io
a contradiction. This shows that T = {T; };ca is independent. O

Definition 2.11. A family of operators {T;};ca on H is called, if
span{T; }ien = H,
where
span{7; };ea = the cloure of {Z Trax;: {xi}ien € S(H),VL € F(A)}.
icL
Definition 2.12. A operator sequence T' = {T; };ca on H is an operator Riesz basis
for B(H), if it satisfies:
1. span{T}};cpn = H and
2. there exist constants C, D > 0 such that
Clfzitieall® < 1Y Trail* < DI{ai}ieal®, Y{zitiea € P(H). (2.2)
1EA
Immediately, we know that every operator Riesz basis is always an operator
frame from the following conclusion.

Theorem 2.13. Let T = {T;};ca be a sequence of operators on H, then the following
statements are equivalent.

(1) T = {T;}icais an operator Riesz basis.

(2) T ={T;}ica is an independent operator frame.
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Proof. If T = {T;}ica is an operator Riesz basis, then R is below bounded by
Theorem 2.10 and so the range of R is closed and denote R(R}). In addition,
span{T; };en = R(RY) = H. Thus, R% is bijective. Applying the Banach Inverse
Theorem, R is invertible and so Ry is also invertible. Hence, Theorem 2.4(2) and
Theorem 2.10(2) imply that T' = {T;};ca is an independent operator frame.

Conversely, assume that T = {T;};ca is an independent operator frame,
then Theorem 2.10(2) shows that Ry is invertible. Thus R’ is invertible. For any
{xi}ien € I>(H), we have

Iadieal = |1RF By ({asdien) I? < [R5 2R ({2} ien) |1
Put C = [R5 "2, D = | Ry||%, then

Cledieal® < IR:({zidien) 1> = 1) T7ai)?
€A
< Dl{zi}ieal?, V{zitiea € P(H).
Thus, condition (2.2) holds. Since R} is invertible, the condition (1) of Definition
2.12 holds. Hence T = {T;};ca is an operator Riesz basis. O

3. Dual of Operator Frames

In this section, we will study reconstruction problem. Thus we need introduce the
notion of dual frames of an operator frame.

Definition 3.1. Let T = {T;}ica be an operator frame for B(H). A family of
operators T = {Ti}ie/\ on H is called a dual of operator frame T = {T; };cx if they
satisfy
T = ZTi*ﬁ-x Vo € H. (3.1)
1EA
Furthermore, we call {Ti}ie A a dual frame of the operator frame T = {T;};en if
{T}ien is also an operator frame for B(#) and satisfies condition (3.1).

Theorem 3.2. Every operator frame for B(H) has a dual frame.

Proof. If T'= {T}}ien is an operator frame for B(#) with bounds A, B, then the
operator sequence T = {TiSfl}ieA is a dual frame of T = {T;};ca. In fact, we
have B
o=8rSple =Y T/TS; e =Y T;/Tiw, Yz eH.
ieA i€A
And T = {TiSfl}ieA satisfies
ASelI7% - l2))? < Y T ))? = Y ITSy =)> < BIS 1P - ||=))?, Vo € H.
i€A 1EA

Hence, {T;S l}ie A is called the canonical dual frame of {T;};ca. O
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Remark 3.3. Assume that T' = {T;};c is an operator frame for B(H) with analytic

operator Rr and T = {Ti}ie A is a dual frame of T' with analytic operator Rz,
Then for any z in H, we have

x = Z T/ Tyx = RTRzx. (3.2)
1EA
This shows that every element of A can be reconstructed with an operator frame

for B(H) and its dual frame.
Moreover, we also have another fact that for any operator A on H, we get

Az =Y T;T,Av, Yz eH. (3.3)
1EA
That is, an association of operator frame and its dual frame can reconstruct point-
wisely every operator on H and so we can write
1EA
where > Ti*ﬁ-A converges strongly to A.
1EA
Lemma 3.4. Let T = {T;}ica be an operator frame for B(H) with bounds A, B. If

Q = {Q;}ien is an operator Bessel sequence in B(H) with a bound M < %, then
T+Q={T; £Q;}ica is an operator frame for B(H).

Proof. We only prove the case that T+Q = {T;+Q; };ca. The other case is similar.
For any x € H, we have

DT+l < Y (1Tl + Qi)

1EA 1EA
= ZHTin2+ZHinH2+2ZHTinHinH
1EA 1EA 1EA
1 1
< B\\w\\2+MHwH2+2(ZHTin2)2 -(Z\\in\\2)2
1EA 1EA
< (B+ M)|z|?+2vVBVM|z|?
< (B+ M +2VBVM)|z|?
and
ZH(TiJrCQWCH2 > Z(HTNCH—HQNCH)2
iEA iEA
= Z\\Tiw\\2+2\\in\\2—22\\TinHQMH
1EA 1EA 1EA
1 1
> AH?U\P+ZHQM\P—2(2\\Tiw\\2)2 -(Z\\in\\2)2

i€A i€A i€A
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> Al - oY [T} - (3 1Qu?)?
iEA i€A
> (A-2VBVM)|z|?.
Hence, T+ Q = {T; + Q; }ica is an operator frame for B(H) . O

Theorem 3.5. Let T = {T;}ica be an operator frame for B(H) with bounds A, B,
then the following statements are equivalent.

(1) T ={T;}icn is independent.
(2) T ={T;}ica is an operator Riesz basis.
(3 ; R(Rr) = I*(H).

(4) T ={T;}ica has a unique dual frame.

Proof. Theorem 2.10 and Theorem 2.13 yield that (1) < (2) < (3). It need only
prove (1) < (4).

(1) = (4) Suppose that independent operator frame {7;};ca have two dual
frames: T = {T;}ica and Q = {Q;}ica, then Rz and R are left inverses of Rp,
from (3.2). Thus T = Q.

(4) = (1) Assume that T = {T}};ca has a unique dual frame T = {T}};ca.
Suppose that T' = {T;};cx is not independent, then R(Rr) # [?(H), i.e. R(Rr)* #
{0}. Thus there exists a non-zero element {z;};cn € R(Rr)* such that |[{z;}ical|
< %. Take a unit vector e € H, define a sequence of bounded linear operators

U= {ﬁi}ie/\ in such a way that Uzx = (x,e)x;, Vo € H. Put @ =U + T, then for

all z in H,
DT> = Yl eal® <D [, e[l
icL, ieA ieA
< 2l >
iEA

Thus, the sequence {U tica is an operator Bessel sequence with a Bessel bound
less than é By Lemma 3.4 we know that Q is an operator frame for B(H). For
any = € H, since {U; z}ien = {(z,€)wi}ien € R(R7)* = ker(R%), we see that
Ri({Uiz}ien) = 3. TrUiz = 0, and so

1EA
T = ZTZ'*Tix = ZT;(Ti + [71)1’ = ZTi*éix'
i€A i€A i€A
Thus é is also a dual frame of T' = {T; };ca. Clearly, @ #+ T. This contradicts the
uniqueness of the dual frame of T'. Hence, T' = {T; };ca is independent. O

For a frame of subspaces {W;}ica with respect to the family of weights
{vi}ien for H with synthesis operator Ty, the sequence {u;}ien = {S;V}vWi}ieA
is called the dual frame of {W;};ca(see[3]), where the operator Sy, = Two Ty,
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Theorem 3.6. For a frame of subspaces {W;}ica with respect to the family of
weights {v;}iea for H, define T; = UiSW,vWW,-SI;/}v and Q; = Uiﬂ-uiSI;/}'u7 then
Q ={Q;}icr and T = {T;}ica are all operator frames for B(H), and Q is a dual
frame of T.

Proof. Assume that {W;};ca has frame bounds A, B.
Claim 1. T' = {T;};ca is an operator frame for B(H).
For any x € H, we have

YoITl® = Y viSwomw, Syt ell?

i€A 1EA
< |ISwol* Bl Sy, @Il
< Bl Swal?lISw, 2.

On the other hand,
STl = 3 lloSwomw, Stz

1EA 1€A
> > ISwh 2 lvimw, Syl
€A
> [ S |72 AllSw 1

> AllSp 1718wl 72 2.

Thus T = {T;}ica is an operator frame.
Claim 2. Q = {Q;}ica is also an operator frame for B(H). The proof is
similar to Claim 1.
Claim 3. Ty, = Sy}, TwwSw.o, g = Syt Ty SWovs Suw = Swi-
It is easy to check that m,, = SI;/}U/]TWiSW7U' Thus Ty, = SI;/',lvTWWSWW?
T}, = Sy Ty Sw,e and so
SU,U = TU,vT[iv
= SI;/,IUTWWSWWSI;/,IUTI;/,USWW
= SI;/,IUTWWTI;/,USWW
S{}/}vSW,vSW,v
Swv-
Hence, for any x € H, we compute
Z Ti*QiCL' = Z UiSI;,}v’iTWZ. SWJ, . viS;V}vwWi SW7USI;/7IUJ,'
=9 iEA
-1
= SW,'U (Z Uizﬂ-Wix)
1EA
= S‘;/}'u (SWKUJ”)
T.
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This shows that @ = {Q;}ica is an dual operator frame of the operator frame
T = {Ti}ien- O

In inequality (1.1), if A = B, we call {W;};ca a Parseval frame of subspaces
for H.

Theorem 3.7. Assume that {W,};ca is a Parseval frame of subspaces for a Hilbert
space H, then {v;mw, bica is an operator frame for B(H) and a dual frame of itself.

Proof. When {W,};ca is a Parseval frame of subspaces, Sw,, = I. Clearly, this
theorem is a consequence of Theorem 3.6. (]

4. Operator Responses

In order to show that the notion of operator frames is a generalization of usual
frames for Hilbert spaces, we introduce the concept of operator responses of ele-
ments of Hilbert spaces.

Definition 4.1. Let H be a Hilbert space and e be a unit vector (i.e. ||e]| = 1) in
H. For every f in H, put T§ = e ® f, that is,

Tix = (x, fle, Yz € H.
It is well know that Tfe is a linear bounded operator on H of rank < 1 and
Tfe* = [ ®e. We call Tf the operator response of f with respect to e. The set
RH = {Tfe : f € H} is called the operator response space of H with respect to e.

Theorem 4.2. Assume that {f;}ien is a sequence in H and {e;}ica is a sequence
of unit vectors in H, then the following statements are valid.

(1) {fi}iea is complete, i.e. span{f; : i € A} = H if and only if {T% }ien is
complete.

(2) {fi}ien is a frame for Hilbert space H if and only if {1 }iea is an operator
frame for B(H).

(3) {fitien is a tight frame for Hilbert space H if and only if {T' }ien is a tight
operator frame for B(H).

(4) {fi}ien is a normalized tight frame for Hilbert space H if and only if {T}; }ien
is a Parseval operator frame for B(H).

(5) If {e} is either not complete, or orthogonal, then {T' }ien is not independent.

Proof. Tt {f;}ica is complete, then Vo € H,Ve > 0, there exits a sequence {¢; }ica €
C and a finite set L € F(A) such that

1Y cifi —all <e.
i€l
Take x; = ¢;e;(Vi € A then (z;,e;) = ¢;,Vi € A and so
I T5 =l = 1> (wie)fi—al =Y cifi —zll <e.
icL icL icL
Thus span{T'} = H, that is, {1 }iea is complete.
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On the other hand, if {Tfej}ie A is complete, then Vo € H, Ve > 0, there exits
a sequence {z;};en € S(H) and a finite set L € F(A) such that

1Y T5 z —af <.
i€l
That is,

1D (@i enfi — x| <e.
i€l
Thus {f;}iea is complete.

Moreover, for every x € H, we have

SoITgal? =Y [, fel® =3 1, £)12. (4.1)

1€A 1€A i€A

Thus, (2) though (4) are valid.

Assume that {e;} is not complete, then {e; : i € A} # {0}. Take a nonzero
sequence {z;};en C {e; i € A} \ {0}, then

ZT;;*xi = Z(xi, ei)fi =0. (4.2)

€A €A

This shows that the sequence {Tfej}ie A is not independent. Next, we suppose that
{e;} is orthogonal.Take a mapping ¢ : A — A such that ¢(i) # i for all i € A and
define z; = eg(;), then

ZT;;*xi = Z%(z‘)a ei)fi =0. (4.3)

i€A 1EA

Hence, the sequence {77 };ea is not independent. O

Theorem 4.3. Let {fi}ica C H, {fi}ie/\ C H and {e;}ica be a sequence of unit
vectors in H, then the following statements are equivalent.

(1) {fi}tiea and {fi}ie/\ are a pair of dual frames for H.
(2) {Tfij}ie/\ and {T}}ien are dual frames of each other.
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Proof. (1) => (2) Let (1) hold. Then Theorem 4.2 implies that {T¢'}ica and
{Tff_"}ie A are operator frames for B(H).
Second, for any x € ‘H, we may compute
ST = ST
ieA ieA

= D (@, fiyes e fi
ieA

= Z(CL’, fi><€i, ei>fi

€A

= Z <JJ, .};>fz
€A
= z.
Hence, {Tfij}ie A is a dual frame of the operator frame {7’ };c4. Similarly, we can
prove that {7’ };ex is a dual frame of the operator frame {Tff_"}ie A
(2) = (1) Suppose that {Tfiz}ie/\ and {7 }ien are dual framed of each

other, then we know from Theorem 4.2 that {f;}ica and {fi}ie A are frames for H
and
ijej* ffzx =z, E foj*Tfe;x =uz,Vz e H.

i€A ieA
Furthermore, for any x € H, we get

v o= Y T TEe =) Ti (e file

ieA ieA
= >l fen e fi = > (@, fi)lei e fi
ieA ieA
= > (@ )k
1EA
and
z = ZT%’*T;’:QC = ZT%”(QU,]Q)@
iEA iEA
= Y W@, fi)esenfi =Y (@, fi)ei, e fi
ieA ieA
1EA
Thus {f; }iea and {fi}ie/\ are a pair of dual frames for H. O

From the discussion above, we can find that the concept of operator frames
is a generalization of frames for Hilbert spaces. Operator responses of elements of
a Hilbert space play an important role in studying the relation between operator
frames and frames for Hilbert spaces.
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On the Stability of Multi-wavelet Frames

Gang Wang and ZhengXing Cheng

Abstract. Frame plays an important role in the theory of wavelet analysis.
Frame theory and stability of frames are important topics of wavelet analysis.
Recently, people pay more attention to multi-wavelet frames. Among litera-
tures, Chui[2], for instance, give a complete characterization of multi-wavelet
frames for arbitrary dilation factor a > 1. There, however, is relatively less re-
sults on the stability of multi-wavelet frames. This paper devotes to the study
of stability of multi-wavelet frames based on functional analysis methods.
The following meaningful results are obtained: firstly, multi-wavelet frames
are stable by some kinds of linear operators action; Secondly, multi-wavelet
frames are stable over some kinds of perturbations conditions on .

Mathematics Subject Classification (2000). Primary 42C40; Secondary 65T60.
Keywords. Frames, Multi-wavelet Frames, Stability.

1. Introduction

We begin with wavelet frames. Let a > 1, b > 0 and let 1; x(z) = aZt(a’z — bk),
then when 1, a, b satisfy given conditions, {¢; x(z) : j, k € Z} constitute the
wavelet frames of L*(R), that is, there exists constant A, B > 0 so that A| f||? <

> {f, i k(@)? < B flI?, Vf € L?>(R), where A and B are called wavelet
j,keZ
frame bounds. However, for an arbitrary mother wavelet function ¥(z) and for an
arbitrary dilation factor a and translation factor b, wavelet frames can not always
be obtained. So, it is important to study the stability of wavelet frames. The
wavelet frames {1, ,(z)} are called stable, when there is small perturbation on
a, b, 3, k or ¢, {¢; k(z)} are still wavelet frames. The stability of wavelet frames
is needed in applications.

Many people pay attention to studying the stability of wavelet frames. In

[5], Favier and Zalik study the stability of single-wavelet frame when there is
perturbation conditions on &k and . In [1], Balan proves the stability of single-
wavelet frame when there is perturbation conditions on b and v .
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Recently, people pay more attention to multi-wavelet frames, such as: in [2],
Chui studies multi-wavelet frames and establishes a complete characterization to
multi-wavelet frames for an arbitrary dilation factor a > 1. But, there is relatively
less results on the stability of multi-wavelet frames. In this paper, the stability of
multi-wavelet frames are studied and some meaningful results are obtained.

2. Multi-wavelet Frames

Definition 2.1. [2] Let 1 < a < oo, and b > 0, A finite collection ¥y (z) =
{1(x), - ,¥r(x)} of functions in L?(R) is said to generate an multi-wavelet
frames

Fo = {tuk(x) = adyy(a’z — kb) :

if there exist positive constant A and B, with 0 < A < B < o0, so that for
Vf € L*(R), we have

(2.1)

L oo
AllfIZ < Z [(F, Wu@)]* < BIfII3,
7,k=1

where A and B are called upper and lower multi-wavelet frame bounds respectively.

In the paper, we also need the following:
Lemma(3] Let X andY be Banach space, A1, Ay € [0,1), and S, T: X =Y
are linear operators so that for Vo € X, there is ||S(z) — T'(z)|| < M|S(z)| +
Xo||T'(2)||, then there exists
codimy S(z) = codimy T'(z).

3. The Stability of Multi-wavelet Frames
Theorem 3.1. Let F,, defined in (2.1) be the multi-wavelet frames generated by

U (z) = {¢1(x), -, ¥r(e)}
let T € L(L*(R), L*(R)) be surjection so that Ttr,(z) = ¢r(x), l=1,---, L, then
Fo = {1 1(x) = a¥dy(alz — kb) :
jkeN,i=1,---,L}
are the multi-wavelet frames of L*(R).

Proof. Since F, = {1 j k(%) }i=1,. L:j ken is wavelet frames of L?(R), then for
V f € L*(R), there is

L 0o
AllfIZ < ZZ (fs Yugp(@)® < B3
=1 j,k=1
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By virtue of T4y (x) = ¢y(x), | =1,---, L, there is
Torjn(@) = ugn(@), G k€N; I=1,, L.

In the following, we prove that for {¢;x(z)}; ken:i=1.... ., the inequality of
frames holds true,

35 [(o st

=1 j,k=1

g, Ttz ()]

1

Il
M-
M2 1M

(T*g, Yju())]’

=1 j k=1
< B|T"gll5 < BIT|3]g]3

|
Mh

and

(g, Ttujn(2))]°

1

M=

35 (o o) -

=1 j5,k=1

1

(T™g, Yuj(z)) )

1

|
M=
e e

1J

> A|T*gll3 > A|(T*)~!

2
T*(L2(R))||2 HQHE
then F, = {0y x(x)}j ken:i=1... 1 is the wavelet frames of L?(R). O

Theorem 3.2. Let the collection of functions Fo = {31, k(2)}; kensj=1,..1 defined

n (2.1) be the multi-wavelet frames which are generated by ¥ (x) and the frame
bounds are A and B, let M >0, A >0, 0 §~,B <1 and~(1 — )\)\/E > VM,
and let {1 j.(2)}j ken;i=1,...L be formed by Vi(z) = {¢1(z), - ,¥r(z)} by
dilation and translation with the same dilation and translation parameters as
{1 k(@) }j kenyi=1,.L by Yi(z) in (2.1), and {1jk(T)}j ken; =1, 1 satisfies
that forl=1,---,L; j, k=1,2,---, and for every Ci 11, - ,Cyjk, there is

L 0o L 0o
Z Z Cujk (k@) —Yjr())] <A Z Z Cujx¥15,k(z)
1=1 jik=1 ) 1=1 jik=1 )
L 0o ~
+813. D Cintjin(z) (3.1)
1=1 jik=1 )

+
|
M=
NE
e

then {1 k()Y ken:1=1... . are multi-wavelet frames of L*(R), and the frame
(1= MVA—VM? p [(1+ X VB — VM2
O (S

bounds are



86 G. Wang and Z. Cheng

Proof. For j,k=1,2,---;1=1,---,Land every Ci1,1, Ci1,2, -, Ci,nn, from

(3.1) there is

L n 1 +)\ L n
Z Z 1P,k <1{"3 Z Z Cuj k15,6 (z)
—1 jh= e

2 = 1 2
/7M L n .

+ i(z Z |Cjl?)2
h—

By virtue of the Hahn-Banach Theorem, there exist z* € (L?(R))* = L?(R),
with ||z*||2 = 1, so that

L n L n
> % Gusiata)| =" (33 Cynbriate)
=1 j,k= j

9 =1 j5,k=1
L n 1
2
< (X X 1eup)
=1 j,k=1
L n 1
* 2
< (D22 o (hugn@)l?)
=1 j,k=1
L n 1
2
<VB(X X ICual?)
=1 j,k=1

So, there is

L n
Z Z Lk ()| < L(Vﬁ(l +A) + VM)

Jk=1 9

[

B
X (i i |Cz,j,k|2)
,k:

For every y* € (L?(R))* = L?*(R), from the above formula, there is

kS E Oy (@)
) ; v (drin(e )|2:y*(Z W%, v(@))

=1 j,k=1
< 1yi/6[\/E(1+>\)+xﬁ]
L n 1
x (Z > |y*(15z,j,k(w)|2)2
=1 j,k=1
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So, we have

(X3 [ use]) < Wl B sn v

=1 j,k=1 1-5

Let n — oo, then we have
Lo . 2 [WB(1+ A) + VM]?
> | Gas@)| < Wl
=1 j,k=1
That is, for V f € L*(R), there is

She - 2 [VB(1+A) + VM)?
;j;le, duas@)| < IFB 0

In the following, we are to prove the lower frame bound of {¢; x(2)}; ken; 11,1
. [(1- )\)\/Z— \/M]2

(1+p)?
Let T: L*(R) — Iy be

T(z) = {{z, Y1,5,6())}j ken;1=1, L,

then there is
VAl|z|3 < |T(2)|3 < VB|z|3, Y € L*(R).

Let V = T(L*(R)), then T~! is linear homeomorphism and ||T!| < vA-1,
and V is the closed subspace of I3, so we can let P : ls — V be orthogonal
projection.

Let S=T7'P: Iy — L?(R), then there is

IS|| < |77 - 1P|l < VAL
Let S* : L*(R) — l2 be the conjugate operator of S, and let
§*(x) = {Cljk(x)}j keNi=1,- L,

then there is

L o0 1
(33 1Cus@P)” < ISl
=1 j,k=1

< VAT z]2
For every y € L?(R), there is

L oo L oo
<Z > Cuyn(@)isn (@), y> =30 Cujnl) Wujk(@), v)
k=

1=1 j,k=1
(z, ST(y))
(z, )

|
D
= *
_
N E
i
¥
A\@_/
g =
Il
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So we have
L [e'S)
:Z Z Clj(2) Y5,k (2).
=1 j,k=1
L ] -
Let L(z) = > Y Cijk(@) k(z). From (3.1) and(3.2), the linear operator
=1 j,k=1

L : L*(R) — L?(R) which satisfies that for Vz € L*(R), there is

2 - L@l < 0+ Y el + B1L()

)
and
(1-MNVA-VM
1+ VA zll2 < [|L(z)]]2
_ (1+/\)x/Z+\/MHxH
(1-B)VA v

So, L is one to one and bounded linear operator, and L(L?*(R)) is closed
subspace. By virtue of the Lemma, we can conclude that L is surjection. Therefore,
L is invertible bounded linear operator and

-y < (LEOVA
T (1= AVA- VM|

For every z, y € L?(R), there is

@, L) | = (L@, 1= |3 Cuyn@) ($rint@), v)
k=

=1 j,k=1
(23 (s’
=1 j,k=1
L = 1
(55 (o s
=1 j,k=1
VI ala( 3 30 [ dusat@)[)’
=1 j,k=1
So, there is
1L @) = sup |(@, L*(3))]
llzll<1
L oo 1
<VAT(S2 S I duan@nl)
=1 j,k=1
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So, there is
lylla = (L) L @) l2 < IL7H - 125 (W)l

(1+B8)VA AT

T (1-MA-VM
X (i i ‘(y, @z,j,k(fﬂ»r)%
=1 j,k=1

That is, for V f € L?(R), there is,

S - 2 (1—N)VA—VM\?
;j%_jl\u,mj,k(x»\ > 1B (1)

As the result of Theorem 2, we have the following:

Theorem 3.3. Let {¢y k(%) }j ken;i=1,....1 be the multi-wavelet frames generated
by ¥ (z) in (2.1), the upper and lower bounds are A and B, and let

{jk(@)}j kensi=1,...L € L*(R)

be formed by Ui (x) = {¢1(x), - ,¥r(x)} by dilation and translation with the
same dilation and translation parameters as {¢i ()} ken:i=1,.... by Vi (z) in
(2.1). If there exist R < A, so that for ¥V f € L?(R), we have

> S |8, oo~ duante))|| < RIS

=1 j5,k=1

then {1 1(x)}j ken:i=1.... .1, are multi-wavelet frames of L*>(R), and the upper
and lower frame bounds are (v A —/M)? and (VB + v/ M)?.
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Biorthogonal Wavelets Associated with
Two-Dimensional Interpolatory Function

Jianwei Yang, Yuan Yan Tang, Zhengxing Cheng and Xinge You

Abstract. To construct biorthogonal wavelets from two-dimensional interpo-
latory function, a large amount of computation is involved in traditional
method. In this paper, a method is developed for constructing the biorthogo-
nal wavelets. Masks of the biorthogonal wavelets are given explicitly. Neither
the Gram-Schmidt processing nor the inverse of a nonsingular polynomial
matrix is needed.

Mathematics Subject Classification (2000). Primary 42C15; Secondary 65T60.

Keywords. Interpolatory function, biorthogonal wavelet system, wavelet,
mask.

1. Introduction

During the past few years, the construction of interpolatory scaling function has
become of increasing interest (see, e.g. [1, 2, 3, 4]). However, there still does not
exist a simple method to construct biorthogonal wavelets from the associated
two-dimensional interpolatory function. In this paper, a method is presented for
constructing biorthogonal wavelets from two-dimensional interpolatory function.
Biorthogonal wavelet masks can be constructed explicitly.

Let ¢(x) € L?(R?), which satisfies the following refinable equation

o(x) = Z PaP(2x — ), (1.1)
a€Z?
and let

Vo = Span g2y {¢p(x — ), a € Z%}, Vi ={f(2*x—a), f eV, ac Z%}.

If $(0) # 0, it was shown in [5] (see also [6]) that {Vi }xez, the sequence of subspace
of L?(R?), satisfies

UWw=r®>, (V={0}

keZ keZ
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If ¢(x) and its shifts form a Riesz basis of Vj, the sequence of the subspaces
{Vi}kez forms a multiresolution analysis (MRA) of L?(R?). ¢(x) is called a scaling
function.

If ¢(x) is a continuous two-dimensional scaling function, which satisfies
$(@) = do,a, @ € 22, (1.2)

we say that ¢(x) is an interpolatory scaling function.

In practical image processing, images are often first represented by sampling
space Vi. When the pixel values of an image f are given, an image is normally (or
easily) represented by

fe=20 37 f(5)9(2"% — o)

a€Z?

for a certain dilation level k. However, to apply the decomposition and reconstruc-
tion algorithm, one should use the function [3]

> < f 22" x — a) > 22" — ).

a€Z?

This function is not the function fx, unless the refinable function ¢ satisfies the
condition (1.2). Hence, by using the sampling space generated by interpolatory
refinable function, one simplifies (or reduces the errors of) the first step of the
decomposition and reconstruction algorithm (see [3]). During the past few years,
some excellent results on the construction of interpolatory functions have been
published. For any positive integers N and N with N < N, J. Kovacevi¢ and
Sweldens [7] constructed an interpolatory mask satisfying sum rules of order N
and its dual mask satisfying sum rules of order N. In [2], H. Ji et al proposed a
convolution method to construct refinable functions of arbitrary regularity which
are dual to an interpolatory scaling function. For an interpolatory mask, B. Han
[1] has provided an CBC algorithm to construct the dual masks which satisfy
sum rules of any given order. However, up to now, there is still no simple method
to construct the two-dimensional biorthogonal wavelets from the interpolatory
refinable function. The method provided by H. Ji et al. [2] needs not only the
Gram-Schmidt processing but also the computation of the inverse of a Laurent
matrix. In this paper, we provide a method for constructing the two-dimensional
biorthogonal wavelets from the interpolatory refinable function. The wavelet masks
are given explicitly.

The two-dimensional biorthogonal wavelet system is introduced in Section 2.
In Section 3, formulas are provided for constructing biorthogonal wavelet masks
from two-dimensional interpolatory function. Example is also given to demonstrate
this method. Finally, the conclusion is given in Section 4.
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2. Two-Dimensional Biorthogonal Wavelet System

We call A = {a : po # 0} the support of {pa}aczz. For w = (wi,w2) € R?

a=(a,as) € 72, we denote z; = e 1, 2y = e W2 2% = = 27252, Let
1 1
P(z) = P(z1, 22) Z Paz” = 1 Z Doyt 252
acZ? acZ?

For scaling function ¢(x), if there exists ¢(x) such that

= Z ﬁaqz(2x —a), and < ¢(x), q~5(x —a >=0q,0,

a€Z?

then we call ¢(x) the dual of ¢(x). We denote P(z) = Y acz2 PaZ®.
Suppose that Y (x), ¥ (x) (j = 1,2,3) are biorthogonal wavelets associated
with ¢(x), ¢(x), which satisfy

(%)= > @ho(2x—a), P (x) = > @d(2x—a),
a€z? a€z?
then
<P (x),9(x — a) >=< ¢(x),9 (x — a) >= 0,
<P (x), P2 (x — @) >= 04,005, jo>
where j, j1,72 = 1,2,3. We call Q/(z) = Y acze ¢’ z% and Qj(z) =D acz? §’z
the wavelet masks. For convenience, we denote
m(w) = P(z), m(w) = P(z), m’(v) = @’ (2), W’ (v) = Q’(2).
Let po = (0,0), 1 = (1,0), u2 = (0,1), ug = (1, 1). By [4], we know that

Zm w + pem)m(w + peT) =1, (2.1)
k=0
3
Z m(w + ppm)m (w+ pkm) =0, (2.2)
k=0
3
ij w + ppm)m(w + ppm) = 0, (2.3)

3
> mi (W + )i (0 + ) =84, gy Gijtd2 =1,2,3. (2.4)
k=0
If (2.2)~(2.4) are satisfied, we call {¢Z }nez2, {3 }acz2(j = 1,2,3) the biorthog-
onal wavelet filters associated with {pas }acz2, {Patacz?. If (2.1)~(2.4) are satis-
fied, we say that {pa }acz2,1Pa facz2s 1% Y acz?, {P% }acz? form a two-dimensional
biorthogonal wavelet system [8].
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3. Construction of Biorthogonal Wavelets

We adopt the following notations

1
EOk = 5 Z p2a+uk 7 ]k = 5 Z qon—Mk oz,
a€Z? ozEZ2
. 1 3 r
Eor = Z Protm?®, Ejk = Z Brovs 2% Rlz1,22) = (1,21, 22, 2122) ",
a€Z? ozEZ2

where £k =0,1,2,3, j =1,2,3. It follows that
1

P(z) = E(Eoo,E01,E02,E03)R(21,22), (3.1)
P(z) = ;(Eoo,E01,E02,E03)R(21,22), (3.2)
Q' (z) = %(EJ())Ejl)Ej%EjS)R(zl;22)7 (3.3)
Q(z) = %(EJ())Ejlan27E03)R(zlpz2)7 (3.4)

where j = 1,2,3, £ = 0,1,2,3. We call EOk,EOk,Ejk,Ejk the polyphase factors
of P(z), P(z), Q(z), and Q?(z) respectively. Hence, the necessary condition for

{Patacz?, {Pataczs 1@ Y acz?, {PL}acze to form a biorthogonal wavelet system
is that the following equation holds

E(2)E(z) =L, (3.5)
where
Eoo Eor Eo2 Eos Eow Eo Eox Eos
PO m b mn mw | PO B By Ba b

E30 E31 FE3 FEs3 FEsy FEs1 FEs3p Esg

The matrixes E(z), E(z) are called the polyphase matrixes of biorthogonal wavelet
system. Therefore, in order to construct the biorthogonal wavelets associated with
$(x) and ¢(x), we only need to extend E(z), E(z) by their first rows so that
Eq.(3.5) is satisfied.

Now we provide the formulas for constructing biorthogonal wavelet masks
from two-dimensional interpolatory function.

Theorem 3.1. Suppose that ¢(x) is an interpolatory scaling function, qg(x) is a
dual of ¢(x), Eok, Eox (k = 0,1,2,3) are polyphase factors of P(z), and P(z).
Then the biorthogonal wavelet masks Q’(z) and Q?(z) can be given as follows
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Q' (z) = (e — Eoj(Eoo Eor Eoz Eos))R(z1,22), (3.6)

Q' (z) =
where j =1,2,3,and e; = (0,1,0,0)7, es = (0,0,1,0)T,e3 = (0,0,0,1)7.

(CT — (2E()j, 0, 0, 0))R(21, 22),

J

N = DN =

(3.7)

Proof. By [4], we only need to prove that Q7(z) and Q7(z), which are given in
(3.6) and (3.7), satisfy the conditions (2.2)~(2.4).
For j =1,2,3, let

(Ejo, Ej1, Ejo, Ej3) = 6? — Eoj(Eoo Eo1 Eo2 Eo3), (3.8)
S T
J

(Ejo,Ejl,Ejg,Ej;;) =e, — (2E0j,0,0,0). (39)
We note that R(z1, 22)TR(21, 22) = 4. By (3.1)~(3.4), we only need to prove that
Eik, Ejr (k=0,1,2,3, j = 1,2,3), which are given in (3.8) and (3.9), satisfy the
condition (3.5). Note that ¢(x) is an interpolatory filter, by equation (1.2), we
know that pao = dp,o. It follows that Eyg = % Hence,

(Ej07 Ejl’ Ej2’ Ej )(Ej()) Ejl, Ej27 Ejg)*
= (e] = Buy(Foo For Foo Fo))(e] = (2F0;,0,0,0)"
where j,1 =0,1,2,3. This completes the proof. 0

Example. We consider the interpolatory filter and its dual filter in Example 6.5 of
[1]. The mask of the interpolatory function is supported on [—1,1]N Z? and given
by

1/4 1/2 1/4
12 1 1/2
1/4 1/2 1/4

The mask of its dual is supported on [—4,4] U Z? and given by

3

3

3

0 0 0 98 1  1as O 0 0
-3 _3 _3
0 0 0 o1 5 g O 0 0
_L 1 _3 1
0 0 16 8 8 8 16 0 0
B3 -3 _1 1 51 o _1 _3 3
128 64 8 32 64 32 8 64 128
3 _3 _3 51 33 5. _3 _3 3
64 32 8 64 16 64 8 32 64
3 -3 _1 1 51 o _1 _3 3
128 64 8 32 64 32 8 64 128
-t _1r 3 _1 1
0 0 16 8 8 8 16 0 0
3 _3 _ 3
0 0 0 —% 35 i O 0 0
3 3 3
i 0 0 0 128 64 128 0 0 0
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By Theorem 3.1, the biorthogonal wavelet filters can be given as follows:

o {¢i}taez?, {@2}acz2, {¢3}acz>, their support are in [—5,5], which can be
given as follows

0 0 0O 0 0 0 0 0 0 0 0
0 0 0O 0 0 0 0 0 0 0 0
3 3
0 0 o 0 3 2 0 0 0 0 0
3 3 3
0 0 o o 2 3 a0 0 0 0
_8 _8 1 1 _51 _a5 7 1 _3 _3
256 256 32 16 256 128 128 16 512 256
_3  _ 3 13 1 _a3 sl 43 1 13 _ 3 _ 3
256 128 256 8 128 64 128 8 256 128 256
3 _3 131 43 13 35 1 13 _ .3 _ 3
512 128 512 8 256 64 256 8 512 128 512
3 _ 3 13 1 _43 _s1 43 1 13 _ 3 _ 3
256 128 256 8 128 64 128 8 256 128 256
o _3 _3 1 7 _4 _5 1 1 _3 _3
256 512 16 128 128 256 16 32 256 512
3 3 3
0 0 o 0 3 30 0 0 0
3 3
0 0 0 0 0 a2 0 0 0 0 |
- 3 _3 _3 _.3 1
0 0 0 0 512 256 512 256 0 0 0
_ 3 _3 _3 3 _3
0 0 0 0 256 128 128 128 256 0 0
1 13 13 13 3
00 0 0 55 35 513 356 sz 00
T 1 1 1 1
0 0 0 0 16 8 8 8 16 0 0
00 3 B _>51 _43 _43 _43 7 3 g
128 64 256 128 256 128 128 64
00 B3 B3 _45 _s51 i3 _5 _45 3 3
64 32 128 64 64 64 128 32 64
00 o 2 T 43 43 _ 43 _ 51 3 3
64 128 128 256 128 256 64 128
1 1 1 1 1
0 0 0 0 16 8 8 8 16 0 0
3 13 13 13 1
0 0 0 0 512 256 512 256 32 0 0
I T U SR O
0 0 0 0 T 256 128 128 128 256 0 0
_3 _35 _ 5 _’3
| 000 0 0 0 256 512 256 52 0 0
00 0 0 0 0 0 0 0 0 0 7
00 0 0 0 0 0 0 0 0 0
3 3 3 3
0 0 0 0 256 128 256 128 0 0 0
3 3 3 3 3
0 0 0 0 128 64 64 64 128 0 0
00 3 3 _11 _19 _19 _1o 3 3
256 128 128 128 256 128 128 128
00 B3 3 _1o _n  _11 _11 _19 3 3
128 64 128 32 32 32 128 64 128
00 B 3 _1o _n 5 _1 _19 3 3
256 64 256 32 64 32 256 64 256
00 B 3 _1o _n  _11 _1 _19 3 3
128 64 128 32 32 32 128 64 128
O0 o0 B 3 _19 _10 _16 _11 3 3
128 128 128 256 128 128 128 256
3 3 3 3 3
00 0 0 135 & 61 g 18 0 0
3 3 3 3
L0 0 0 0 0 58 956 128 356 O 0
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o {GLYaeze, {3} acz?, {G-}acz?, their support are all in [0, 3], which can be
given as follows

0 0 O 0 0 O
1 - 0 0 O
0 1

1
0 —3

N[
N[

D=

[
D=

0 0
0 0 0 -

Remark 3.2. In the construction of multi-dimensional wavelets, to improve the
properties of the wavelets, the support of the scaling function may be enlarged. As
a result, the nonzero coefficients in {pa }aczz and {Pa}acz2 will increase drasti-
cally. If the biorthogonal wavelets are constructed by the method given in [2], not
only the Gram-Schmidt processing but also the inverse of a nonsingular polyno-
mial matrix is needed. In our method, the biorthogonal wavelet masks are given
explicitly (see the formulas (3.6) and (3.7)). Hence, the procedure for constructing
two-dimensional biorthogonal wavelets from an interpolatory function is similar
to that of one-dimensional biorthogonal wavelets. When compared with [2], our

method results in significant amount of computational saving.

Remark 3.3. In this paper, we only consider the construction of two-dimensional
biorthogonal wavelets associated with the dilation matrix 27. In fact, Theorem 3.1
can be generalized to the case of multidimensional and arbitrary dilation matrix.

4. Conclusion

For a pair of two-dimensional dual refinable functions, when one of them is inter-
polatory, we provide formulas for constructing the associated biorthogonal wavelet
masks. Neither the Gram-Schmidt processing nor the computation of the inverse
of a Laurent matrix is needed.
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Parameterization of Orthogonal Filter Bank
with Linear Phase

Xiaoxia Feng, Zhengxing Cheng and Zhongpeng Yang

Abstract. For the M-channel FIR orthogonal filter bank with linear phase, a
complete parameterization is obtained by applying the singular value decom-
position of matrices related to the corresponding polyphase matrix. In the
obtained parameterization forms, the number of the required parameters is
reduced to (N + 2)(%)

Mathematics Subject Classification (2000). Primary 42C40; Secondary 15A23.

Keywords. paraunitary matrix; linear phase; filter bank; singular value de-
composition.

1. Introduction

In some applications, particularly in image processing, it is desirable that each
individual filter in a paraunitary system is of linear phase. Paraunitary FIR fil-
ter banks can perform an orthogonal transformation to the data without phase
distortion, and this symmetric property(linear phase) can be used for efficient
implementation|[1], so we only discuss the paraunitary FIR filter banks with linear
phase in this paper.

For general paraunitary filter banks, Vaidyanathan et. al. proposed a com-
plete and minimal structure[2][3], which shows that any parauintary system of
McMillan degree N can be factorized into a product of N degree-one paraunitary
building blocks and an unitary matrix. In practice, we care more about the fil-
ter length than the degree of the system. In this case, it is expected to have a
parameterization form for paraunitary systems with given order[4].

In order to get the parameterization of a paraunitary system with linear
phase and order N, by applying the theory of the balanced vectors, [5] obtained
the form (3.9) which requires 2(N + 2) (MQ/ 2) parameters; applying the singular

The paper is supported by the scientific research “fifteen” layout item of the educational office
in Jilin, 2004.
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value decomposition of the matrices, [4] obtained the form (9) which requires
2(N +1) (MQ/ 2) parameters, moreover, by using the method similar to the cosine-
sine decomposition of a general unitary matrix, [4] further factorized this system
into the form (47) which requires (N + 2) (1\42/ 2) parameters.

Motivated by [6], we propose a complete parameterization of a paraunitary
system with order N, only by applying the singular value decomposition of the
matrices related to the coefficient matrices of this system. Our aim is such that
the required parameters representing this system is as small as possible by a more
efficient method.

In addition, in M-band orthogonal wavelet systems, there are M — 1 wavelet
filters, and they are not uniquely determined by the scaling filter, it is very diffi-
cult to construct these wavelet filters, the parameterization of the filter bank is an
important method to construct these wavelet filters. And the complete parame-
terization of the filter bank often provides an efficient structure for optimal design
and fast implementation too, thus the research on the complete parameterization
of the paraunitary filter bank with linear phase is very important too.

2. Prepared Knowledge

A filter Hy(z) is called an M-band orthogonal scaling filter if it satisfies the con-
dition

M-—1 i )
> Ho(e )T =1 (2.1)
k=0

Given a scaling filter, the associated scaling function g (z) is the solution of
the following two-scale refinement equation

Yo(z) = Zho(n)wo(Mx —n). (2.2)

A sufficient condition for (2.2) to have a solution in L!(R) is that the scaling
filter Hy(z) satisfies the linear constraint

Ho(1) =1, (2.3)

and v w
Ho(e™) #0, Ywe[——,—], 2.4
o) £0, Ywe -2, 2] (2.4
the associated scaling function generates an orthogonal basis.
Corresponding to the scaling filter Hy(z), there are M — 1 wavelet filters

Hi(z), and they satisfy

-1
w+2k7r)

Hp(ei(w+1\ik7r))H; (ei( Ve

S

)=6pqy 0<p<M-—-1,1<q<M-—1, (25)

ko

0
the corresponding wavelet functions are defined by

bi(w) = Hy(e“™) p(w/M), 1=1,2,--- , M —1.
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We call H(z) = [Ho(2), H1(2), -, Hy—1(2)]7 the filter bank of the M-band
wavelet system. When H;(2)(0 <! < M — 1) satisfies (2.1) and (2.5), we say that
H(z) is orthogonal. Here, we only discuss real FIR causal filter bank and M is
even.

If every filter of the filter bank #(z) is either symmetric or antisymmetric
about the same center of symmetry (M (N + 1) —1)/2, i.e.,

hk(M(N + 1) —1- n) = skhk(n), (2.6)

where sy =1lor —1,0<n < M(N+1)—1,0<k < M —1, then we call H(z)
to have linear phase.

The filter bank #(z) can also be represented by its polyphase matrix P(z)
as follows

1 ;1
_ L pM _
L—(M-1)
where
Hy,o(2) Hoi(z) -+ Hom-1(2)
P(z) = ,
Hy—10(2) Hy-11(2) -+ Huy-1,1(2)

M—1 N
1
Hy(z) = —— > Hpi(z™)z7", Hya(z) = VM Y hp(Mn+1)z7".
M =0 n=0
Then the filter bank #(z) is orthogonal if and only if the corresponding
polyphase matrix P(z) is paraunitary[6], i.e., P(z) satisfies

P(z"HTP(2) = Iy,

meanwhile, P(z) is said to form a paraunitary system.

Since the polyphase representation is useful not only for theoretical study of
filter banks but also for their efficient implementation, it is reasonable to require
the symmetries of filters to conform to the polyphase structure. In other words, in
order to obtain the parameterization of paraunitary filter banks with linear phase,
we first need to obtain the characterization of its polyphase matrix which reflects
the linear phase property of the individual filters. By the simple computation, we
can obtain the following lemmal5]

Lemma 2.1. Let P(z) be the polyphase matrix of the filter bank H(z), then the filter
hi(k)(0 <1 < M —1) has linear phase if and only if P(z) satisfies the following
condition

P(z)=2"NDP(z 1) Ju, (2.8)

where D = diag(so, S1,- - ,8m-1), Ju 18 M x M antidiagonal matriz, N is the
order of P(z), i.e., the highest power of 2% in P(2).
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We can obtain the parameterization of another paraunitary matrix En(z)
that is a transform of P(z) by applying the singular value decomposition of ma-
trices, so does the one of P(z) by the relation between P(z) and En(2).

3. Main Results

In this section, we shall give the parameterization of the orthogonal filter bank
‘H(z) with linear phase, by the method of the singular value decomposition of
matrices, here, the corresponding polyphase matrix P(z) satisfies (2.8).

Let the unitary matrix

R \/i[ Ings2 Iz ]
2 | Imyz —Iup |’
then
R"Ju R = diag(Ine/2, —Ins2)- (3.1)

From [5], we know that there are M/2 symmetric, and M/2 antisymmetric
filters in the filter bank H(z) when M is even, thus the half of the diagonal elements
of D are 1, and the others are —1, so there exists a M x M permutation matrix
Q such that

QDQ" = diag(Inr2, —Ini/2)- (3.2)
Take
En(z) = QP(2)R, (3.3)
by (2.8), (3.1) and (3.2), we have
En(z) = 2~ Ndiag(Int/2, —Ini/2) En(271) diag(Inrjo, —In/2), (3.4)

it follows that Ey(z) is paraunitary by the paraunitarity of P(z) and unitarity of
R and Q.

Theorem 3.1. A causal FIR matriz En(z) is paraunitary and satisfies (3.4) if and
only if En(z) can be parameterized as

En(z) = VN(2)VN-1(2) - - Vi(2) diag(w, u), (3.5)
where V;(2)(1 < i < N) has the following form
VR BV L1 Iyye v “1
Vi(z) = 5 [ “of I ol of Lup |7 (3.6)

v;, w and u are % X % orthogonal matrices.

Proof. Assume that
En(z)=es+erz b ez 2+ +enz N
be paraunitary and satisfy (3.4). It follows that
en = diag(Iar)2, —Inr/2) eo diag(Ins/2, —Inry2)- (3.7)
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Since En(z) is paraunitary, then

ekeo = 0. (3.8)
By (3.7) and (3.8), we obtain that
e diag(Inrs2, —Inry2) €0 = 0. (3.9)

Partitioning eg as ey = [ gl ] , where both By and By are % x M matrices,

2

thereby by (3.9), we have

. . B
eq diag(Inr/2, —Inij2) €0 = [BY, By | diag(Iar/2, —Ini)2) [ B; ] =0,

furthermore,
BI'B, = BI B,. (3.10)

Therefore, both B; and By have the same singular values. Let 01,09, ,0, be

their nonzero singular values, then o;(1 < i < n) is positive. Furthermore, there
exists an M x M orthogonal matrix G such that

BT B, = B By = G diag(A2,0) G7, (3.11)
where A,, = diag(o1, 09, -+, 0n).
From (3.11), it follows that
M
rankB;, = rankBiFBl =rankBs = rankBiFBl =n< o
and there are two % X % orthogonal matrices G1, G2 such that
BB = Gy diag(A2,0)GT; ByBI = Godiag(A2,0)GE. (3.12)

Thereby by means of (3.11), (3.12) and the theory of singular value decom-
position(see [8]: 144-147), we can derive that the singular value decompositions of
Bi, By are

By = G, diag(A,,,0)GT; By = Gydiag(A,,0) G, (3.13)
then
By = (G1G3) G2 diag(A,,,0) GT = —un B, (3.14)

where vy = —Gng.
According to the orthogonal properties of G; and G2, we obtain

vnon = (=G1G3)" (=G1Gy) = Ly,
namely, vy is orthogonal and satisfies

—un B ] =0. (3.15)

B
[IM/z,UN]eo = [IM/z,UN] [ B; ] = [IM/z,UN] [ Bs

Moreover,

[k Ines2] €0 = [vi, Iaas2] [ _UBJ\;Bz ] = —vjoNBs + By =0,
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SO
[ 12%2 Ijzz ]eo =0. (3.16)
By (3.7) and (3.16), we have
e A
= [ I_Af/f; I_A:/J\; ] diag(Iar/2, —Inr/2) eo diag(Inrj2, —Ini)2)
N [ I—Af)/T; —Z\Z/z ] eo diag(Inr/2, —Iny2) (8:17)
= diag(Inr/2, —Iar/2) [ 124%/2 I;’zz ]60 diag(Zrr/2, —In/2)

= 0.

Take the order-one matrix Vi (z) as (3.6), by the direct computation, we have
that Viy(z) satisfies the following properties:

i) Vn(z)Vn(z") = In; (3.18)
it) VN(z_l)diag(IM/z, —1Inr)2) Vn(z™!) = zdiag(Inr/2, —In)2)- (3.19)
Take

EN(Z) = VN(Z)EN_l(Z). (320)

Since both En(z) and Vi (z) are paraunitary, then Eny_1(z) is paraunitary.
It is clear that En_1(z) has order N — 1 in virtue of (3.17).
From (3.6), (3.18) and (3.20), it follows that

En-1(2) = Vn(z7")En(2)
L[ Inge —un L | Iz ow
= — E — E .
2 [ —vy Iy )Ty vn o g e

The second term on the right-hand side of (3.21) is responsible for the non-
causality, but we select vy such that (3.16) holds, therefore En(2) is causal.
Substitute (3.20) into (3.4), we have

2~ Ndiag(In/2, —Iny2) Vi (271) En—1 (2~ diag(Ing/2, —Iny2) = Vv (2) En—1(2),
namely,
2N (Vn(z7h) diag(Iaro, —Ines2) Vv (z71)) En—1(27 1) diag(Iar/2, —Iaig2)
= En_1(2),
by (3.19), we know
=N "Vdiag(In /2, —Inrs2) En—1(z7 V) diag(Inr/2, —Ines2) = En—1(2),

therefore En_1(z) satisfies (3.4), i.e., the corresponding filter bank has linear
phase.

(3.21)
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In a word, Enx_1(z) is paraunitary, and has linear phase. At the moment,
there is a reduction in order by 1, thereby for a paraunitary matrix En(z) sat-
isfying (3.4), this process is guaranteed to terminate in N steps. Similar to the
above process, there exist % X % orthogonal matrices vny_1,---,v1 such that
Vn_1(2), -+, Vi(z) defined by (3.6) satisfy the properties (3.18) and (3.19). Then

En(z) can be written as
EN(Z) = VN(Z)EN_l(Z) = VN(Z) VN_l(Z)EN_Q(Z) = VN(Z) ce ‘/i(Z)Eo, (322)
where

E§ Eg = Iy, Eo=diag(In/2, —Ia2) Eo diag(Ing/2, —Ini2),

it follows that Ey has the form Ey, = diag(w,u), w,u are % X % orthogonal
matrices. Substitute Ey into (3.22), we have that the necessity holds.
For the sufficiency, by (3.18), (3.19) and the hypothesis, it follows that En(z)

satisfying (3.5) is causal, paraunitary and satisfies (3.4). O
By the theorem 3.1 and (3.3), we derive

Corollary 3.2. Let P(z) be the corresponding polyphase matrixz of the filter bank
H(z). Then P(z) is paraunitary and satisfies (2.8) if and only if P(z) can be
parameterized as

P(2) = QTVn(2)VN_1(2) - - - Vi(2) diag(w, u) RT (3.23)
Through (2.7) and the corollary 3.2, we derive the following theorem

Theorem 3.3. When M is even, a causal FIR filter bank H(z) is orthogonal and
satisfies (2.6) if and only if it can be parameterized as

1 z

M) = QYN Vha(2) - Vi) dinglw ) BT || (324)

z_(M_l)

By the parameterization form (3.24) of the filter bank H(z), we can design
many scaling filters with different properties, and let they satisfy the conditions
(2.3) and (2.4), then we derive scaling functions and the corresponding wavelets.

4. Comment

For our results, the parameterization form (3.23) of P(z) requires (N + 2) (1\24)
parameters, which is less than that of (3.9) in [5] and (9) in [4], and is equal to
that of (47) in [4]. But we only use singular values decomposition of matrices to get
the parameterization of P(z) with the same parameters, out of question, not only
this method decrease computing complexity, but it is simpler and more effective
as well.
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On Multivariate Wavelets
with Trigonometric Vanishing Moments

Ying Li, Zhi-Dong Deng and Yan-Chun Liang

Abstract. Wavelets with trigonometric vanishing moments are studied for the
first time. A practical construction algorithm of multivariate orthonormal
wavelets with trigonometric vanishing moments is proposed. Based on such
construction algorithm, a tight frame of L? (]Rd) can be obtained even at the
worst case. An example of construction of bivariate orthonormal wavelets
providing concrete trigonometric vanishing moments is presented.

Keywords. Non-tensor product, trigonometric vanishing moment, tight frame-
work, vanishing moment, trigonometric polynomial.

1. Introduction

Wavelets have been a rapidly developed branch in mathematics, which become a
powerful tool for many applications such as signal processing, function approxima-
tion, image processing and computational molecule biology. With the remarkable
increase of processing problems, it is very desirable to design wavelets possessing
various properties such as orthonormality or symmetry or compact support or
vanishing moments.

The order of vanishing moments is one of the most important factors for
success of wavelets in various applications such as image compression and singu-
larity detection. In particular, vanishing moments are necessary for smoothness of
wavelets (see [1]) and guarantee the approximation order (see [2]).

It is well known that trigonometric polynomials can also accomplish the same
outstanding approximation behavior compared with algebra polynomials. In this
paper, trigonometric vanishing moments are studied. Wavelets with trigonometric
vanishing moments are orthogonal to trigonometric polynomials. Such wavelets
not only inherit the excellence of wavelets with vanishing moments, but also keep
the good features of exponential (trigonometric) function basis, such as periodicity
and specific frequency information.
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For multivariate non-tensor product compactly supported orthonormal wave-
lets providing trigonometric vanishing moments, a practical construction algorithm
is found. In addition, a tight frame of L?(R%) can be obtained even at the worst
case utilizing our proposed construction algorithm. An example of construction
of bivariate orthonormal wavelets providing concrete trigonometric vanishing mo-
ments is presented.

2. Notations and Preliminaries

A compactly supported multivariate function f(x),z € R? is refinable with mask
c if it satisfies the following refinement equation:

fl@) =" ¢jf(2x—j) (1)

jeZd

where ¢ = {¢;}zq is a finitely supported sequence on 74, If ¢ satisfies Zjezd ¢y =

29 there exists a unique compactly supported function f(z) such that the refine-
ment equation holds [3]. Define C'(w) as a mask symbol of ¢ in the following:

C(w) = Z cje” I w e RY.
JjEZA
By 6 we denote the Dirac sequence on Z¢ defined by 6y = 1 and §;, = 0
for all k € Z¥\{0}. I(Z?) denote the linear space of all sequences defined on Z<.
Let 12(Z%) be a space of all sequences {a;};cz« Which satisfy .. |ai]|? < +o0.

Let E denote the 2¢ vertexes set of the d-dimension hypercube. F = E \{0}. The
elements of E beginning with zero are sorted in order. Define 4, , = 1,if v =

d
w; otherwise 6, = 0. Let |a] = Y |a;| be the length of a = (a1, -+, aq) € Z%

i=1
Define a shift operator EY,y € R? as follows
EYg(x) = g(x +y) (2)

where g is a function on R%.
For any nonnegative integer N, denote Tﬁl]_l as the space of all d-dimension
trigonometric polynomials of total degree less than N. Let Tfl =0.

A compactly supported function f € L'(R%) has N order vanishing moments
if

» f(@)p(z)dz =0, Vpelly_1 (3)

where IIy_; is the set of all polynomials of total degree less than N.
Compared with vanishing moments, the definition of N order trigonometric
vanishing moments is proposed in the following.
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Definition 2.1. A compactly supported function f € L*(R?) has N order trigono-
metric vanishing moments if

| @@ =0, weti, @

To avoid confusions, we emphasize that the wavelets with vanishing moments
are orthogonal to polynomials.

3. Construction of Orthonormal Wavelets with Trigonometric
Vanishing Moments

Let compactly supported functions ¢ and *, u € F, € L?(R?) be scaling function
and wavelet functions respectively, trigonometric polynomial functions H(w) =

3 > hpe ™™ and GH(w) = 57 > ghe ™", u € F, are the corresponding re-
nezd nezd
finement filter symbols. So we have:

$(w) = H(w/2)d(w/2) (5)

PH(w) = G*(w/2)d(w/2),  peF (6)

For d-dimension orthonormal wavelets, the following necessary conditions are
easily obtained.

H(0) =1, Yrep H(nm +w)? =1 (7)

> oreg Hmm + w)GH(nT +w) =0

> reg GV (T +w)GH(TT +w) = 0y, v, p€F ®)

When the scaling filter symbol H(w) satisfies the formula (7), we call that
H (w) is orthonormal. The key of construction of orthonormal wavelets is to solve
H(w) and G*, u € F, satisfying (7) and (8).

If the wavelets provides trigonometric vanishing moments, we can easily de-
duce the following conclusions.

Theorem 3.1. The wavelet functionsA Y pu € F, have N order trigonometric van-
ishing moments if only and if (k) =0,|k| < N,k € Z? ucF.

Lemma 3.1. For u € F, let trigonometric polynomial G¥(w) be the corresponding
refinement filter symbol of the wavelet function Y. If G¥(w),v € F, satisfy

G"(k/2)=0,k|< N, ke 24 vcF (9)

then the wavelet functions Y*, u € F have N order trigonometric vanishing mo-
ments.
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From lemma 3.1, a sufficient condition of wavelets with trigonometric van-
ishing moments is achieved. We need solve H(w) and G*, u € F satisfying (7), (8)
and (9) in order to the construction of d-dimension orthonormal wavelets with N
order trigonometric vanishing moments. Due to a large of unknown parameters,
there are many difficulties in directly solving (7), (8) and (9). Under the condition
of (7) and (8), we establish an equivalent condition of (9) which is imposed on the
scale symbol H(w) in the following theorem.

Theorem 3.2. Let trigonometric polynomial functions H(w) and G”(w),v € F
satisfy respectively (7), and (8),then (9) is equivalent to

E*?H(rr)=0,7 € F,|k| < N, k € 2% (10)
We will prove this theorem after the following lemma.

Lemma 3.2. Let n X n matrixz B satisfy BB* = B*B. If the elements of the r-th
row of B except for the diagonal element are all zeros, then the elements of the
r-th column of B except for the diagonal element are also all zeros.

P’i‘OOf. Suppose B = (ai7j)1§i7j§n and B* = (bi,j)lgi,jgn- ObViOUSly, bi,j = 6“».
The r-th diagonal element of BB* is >"_, ar;bj» = >_j_; ar @, , and the element
n

of the r-th diagonal element of B*Bis Y _, by xber = . Gk rlk,r = Y opey |k, r|*

k
For a,; = 0,7 # j, we have |a,,.|* = Y}_, |ak,-|>. The

Z |ak7T|2=0:ak7T:0, k#r,1<k<n.
k#r,1<k<n

So the conclusion is true. O

For convenience, denote G°(w) = H(w). Let 2% x 2¢ matrix A be
A= [GMw+77)|urem (11)

where p and 7 are taken strictly according to the order of the elements of F, the
subscript p and superscript 7 show the row change and column change respectively.

Proof of Theorem 3.2. From (7) and (8), AA* = I, where A is defined by
(11) and A* denotes the conjugate transpose of A. So A is a unitary matrix and
A*A = I. From lemma 3.2, it is obvious that the theorem 3.2 holds. (]

Using the equivalent condition of the theorem 3.2, we can firstly solve the
scaling symbol H(w) satisfying (7) and (10), independent of G¥(w),v € F. Then
we can obtain G”(w),v € F, satisfying (8) by other method such as matrix exten-
sion in [7]. After the computation of the scaling filter symbol H(w) and wavelet
filter symbols G”(w), v € F, define the compactly supported scaling function ¢ as
follows

d(w) = H H(2 w), w € R? (12)
j=1
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and the corresponding wavelet functions ¢, u € F, are defined by (6). From lemma
3.1 and theorem 3.2, such wavelet functions ¥*, u € F, have N order trigonometric
vanishing moment. Our proposed construction method is practical and flexible.

Additionally, we put forward another equivalent form of (10) for computation
easy.

Lemma 3.3. Let the trigonometric polynomial function H(w) = 2% 3 hpetwk,
kezd

w € R?, satisfy H(0) = 1. Then for u € 72, the following conditions are equivalent:

(a) E*2H(w7) =0, for all T € F.

(b) Yiepa horpne " FHN 5 =57 hye™ " for all ) € E.
Proof. An element k € Z? can be written uniquely as 2[4+~ with [ € Z% and v € F.

EF2H(77) = H(p/2 4 77) = 51 > pepa hwe *™ e~ ks

_ 217 Z Z h2l+’ye—i2l7r‘re—i7r7"ye—i(2l—|-'y)H _ 2% Z e—iﬂ‘r'ye—i'y%
vEE ez veEE

—il
X Z hQH_’YC vH
lezd

Hence B2 H(n7) = 57 > cp b(7)e (" 2)7 where b(y) = 3,y harpye™ .
The condition (a) implies
D b(y)e TTEY = 0,¥r € F.
YEE
Let n € E,then

S e 3 b)) = T blg)e T T e

T7€E yeE yeE T7€E
Since
Z (=T — { 29, n=r
T€E 0, n7o
Therefore,
Z et Z b('y)e_i(”"’%)"* = 2db(77)e_i%".
T7€E veE

On the other hand,
$ e 5 p)e THEN = 3 pa)e BT €T S pfa)eni

T7€E veE yeE TR veE
i
= > b(y)e*=”
yeE
So we have

2db(77)€_i%" = Z b('y)e_i%"y,for alln € E.
veE
Thereby,
2%b(n)e 2" = 29p(0)e 12 = 295(0).
S0 Y ez harpne "M S =37 ) hye™ 1, ¥ n € E. (a) = (b) holds.
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Conversely, from the condition (b), we have b(n)e™*2" = b(0), ¥ € E. Hence,
there exists

Eu/le(ﬂT) = H('“./2 + ﬂTl) = > eE b(,y)e—i(wz+%)7
= 21 2 b(0)e™ = 9ab(0) 3o g e = 9ab(0) 2o ep (1)

In addition,
S )T =Y e S0y s e F
v€EE vyeEE

So E*/?2H(nt) = 0,V 7 € F holds. O

On the other hand, it is well known that > |H (77 + w)|?> = 1 equals to
TEE
Z hth_gm = 2d(5m70, m e VAS
lezd

Based on the lemma 3.3 and the above formulation, H (w) can be solved. But
(12) is the only possible candidate for the compactly supported scaling function
corresponding to the trigonometric polynomial H(w) constructed. Therefore we
should check whether ¢ satisfies some basic requirements for a scaling function,
which are ¢ € L?(R?) and the orthonormality of the shifts of the scaling function ¢.

If the trigonometric polynomial H(w) satisfies (7), then the corresponding
scaling function ¢ € L?(R%) can be guaranteed. But it is incapable of making sure
the orthonormality of {¢(z — k), z € R% k € Z4}. So the orthonormal filter symbol
H(w) is not always coming into being the orthonormal scaling function.

The sufficient and necessary condition of orthonormal wavelets is othonormal-
ityof the shifts of the scaling function ¢. But it need additional conditions imposed
on the scale symbol H(w). Before we go into conditions on H(w), which ensure
that ¢ is orthonormal, it is interesting to know what the functions ¢¥*,u € F,
defined by (6) would be even if ¢ is not orthonormal.

For the case of 1-dimension, ¥(z) = § 3", .7 (—1)"h1_,¢(22 — n) when H(w)
is orthonormal. Even if the shifts {¢(z — k), z € R, k € Z9} of the scaling function
¢ are not othonormal, ¥(x) at least can constitute a tight frame of L?(R) in [4].
Through the similar derivation of 1-dimension case, we generalize this conclusion
for d-dimension on the condition of H(w) and G*(w), p € F, satisfying (7) and (8).

The frame is provided with practical signification, which can also be used
to accomplish series expansion for any function belonging to L?(R?) and the ap-
proximation of such expansion is numerical stability. In detail, a little disturbance
of the function will only result in a little disturbance of the coeflicients and vice
versa, which is just the equivalence between the L?-norm of the function and the
I?-norm of the expanding coefficients. At this point, the frame is consistent with
Riesz basis and orthonormal basis. But the distinctness among them is that the
elements involved in the frame are correlative, which make the information of
the expanding coefficients redundant. Nevertheless, in some practical application
fields, such redundancy would be beneficial.
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Denote
Gige =27 2z — k), Y, =27 (2w —k),jeZkeLl peF.

Theorem 3.3. Let trigonometric polynomials H(w) and G¥(w),v € F,w € R?
satisfy (7) and (8) respectively, and let ¢ and Y*, u € F be the compactly supported
functions defined by (12) and (6). Then for all f € L?(R%),there exists

NS i< muk > P=111P (13)

nEF jEZ kezd
i.e.{wzk,j € Z,k € 7%, u € F} constitute a tight frame of L?(R?).

From theorem 3.3, we already have a tight frame of L?(R?) without any extra
conditions on H(w) except for satisfying (7) and (10),

Next we will discuss what additional conditions are necessary to make ensure
that the scaling function ¢ is orthonormal shifts. W. Lawton [6] gives a sufficient
and necessary condition to check whether the refinable function ¢ have orthonor-
mal shifts. Here we use this condition to check the orthonormality of the shifts of
our constructed function ¢.

Let a finite sequence h = {hj}reze supported in [0, J — 1], J > 0, whose
symbol is H(w). Define

B= (2dhgz—q)p,qe[—J+1,J—1]d (14)

where the sequence h®" is called the autocorrelation of the sequence h and defined
as follows:

=" hkiho, kezd (15)
lezd

If H(0) = 1, and the refinable function ¢ generated by h belongs to L?(R?), from
[6], ¢ is orthonormal if and only if the sequence § is a unique eigenvector of the
matrix B defined by (14) corresponding to the simple eigenvalue 1.

Furthermore, we generalize the matrix extension [7] to d-dimension space.

Thus the corresponding wavelets are obtained. The following theorem is easily
proved based on the above discuss and the MRA of L2(R) (see [8]).

Theorem 3.4. Let trigonometric polynomials H(w) and G¥(w),v € F,w € R?
satisfy (7) and (8) respectively,and for nonnegative integer N, H(w) satisfies (10).
If the compactly supported function ¢ defined by (12) is orthonormal. Then the
wavelets Y, € F defined by (6) have N order trigonometric vanishing moments
and {¢},,j € Z,k € 7%, i € F} forms an orthonormal basis of L*(R?) .
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FIGURE 1. The original figure of sinx;sinxs

low high1

FIGURE 2. The figure of the wavelet decomposition of f(z) = sinzsinzs

4. Numerical Example

Given N = 2,3, we construct bivariate compactly supported non-tensor product
orthonormal wavelets with N order trigonometric vanishing moments based on
the above algorithm. The corresponding filters that we constructed are listed in
Appendix. In the following an numerical example is presented to validate the
trigonometric vanishing moment property of the constructed wavelets.

Let f(z) = f(z1,x2) = sinxisinze. First make a discrete process for f(x).
Then decompose the discrete f(x) using our constructed wavelets with 3 trigono-
metric vanishing moments. The original figure of f(z) and the figure of wavelet
decomposition are given in figure 1 and figure 2 respectively. From figure 2 it is
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clear that the high frequencies of f(x) are almost zeros, which is determined by
the order of trigonometric vanishing moments.
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Appendix
For N=2: the low frequency H is
| A2,B; |
where
0.000877068502070000  —0.00217017555027750  —0.00160256955152750
—0.00217017551704250  0.00446449664686000  0.00497124245399000
A, — | —0.00160256950883500  0.00497124236596250  0.00869834985493750
2 0.00993380679413000  —0.0204902519736525  —0.0328592454723625
0.0177477598035825  —0.0390325921033750  —0.0565521908910750
0.00925857226745500  —0.0202053237481550  —0.0215681033651525
and
0.00993380688379500  0.0177477598463825  0.00925857221062500
—0.0204902520504250  —0.0390325922237225  —0.0202053236719875
B, — | —0.0328592454946325 —0.0565521909327750 —0.0215681032553600
2 = | 0.0990133898600425  0.176474322895575  0.0750252470885100
0.176474322829218 0.321239655148145 0.144993330308675

0.0750252471651375 0.144993330361885 0.0778642975881325

the according high frequency filter G(®1) :

0,1 0,1
| A0, B

where

0 0 0.00115895898017562
0 0 —0.00286767156510306

0.0232400686562530 0.0194049573093637 0.0197255013320486

A0 _ —0.0499333461371130  —0.0415114250914843  —0.0336810400578003

2 = 0.0331676197772188 0.0198257538275190 0.00672983173232021

—0.00377744451366267  0.00952362785687292 0.137759846989406

—0.140867172341056  —0.00903378390012367 0

—0.0980902399371456 —0.0243986686292091 0
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and
—0.00286767160901982 —0.00114093124812466  0.0107098277591408
0.00589938023656547  0.00415229141552820  —0.0221041614680812
0.0224376140096577 0.0362826223006250 0.0254207290294945
RO _ —0.0611084782654006  —0.0836749554255576  —0.0245975332921892
2 = 0.0785772415558306 —0.0881703240078017  0.239523468582971
—0.267440921656210 0.108470183105057 0.153259078849674
0 0 0
0 0 0

the according high frequency filter G(19) :

[ Ag,o)7 Bél,o)

where
—0.00418367167599627  0.00274989339942355  0.00470186679707548
0.00860667155090754  —0.00486498126847825 —0.00977752356726717
0.0315305834135352 —0.0226968594109252  —0.0413147922667280
AL _ —0.0922346339059928  0.0698749036239389 0.0795775265427353
2 = —0.118050062204540 0.0357086820868361 0.0242711625840596
—0.0698354941072250  —0.0429297840800764  0.00121370379275128
0 0 0
0 0 0
where
0 0 0.00169081558842072
0 0 —0.00418367161192572
0.0214581504037808  0.0891485253457010 0.125375417747959
B(1,0) _ | —0.0369870231948183  —0.185992252041450  —0.268609131522267
2 = 0.0259558227120533 0.112208320729640 0.217681409922140
—0.0183151193075948  0.0516903387289760  0.00541826615540679
—0.0191061362661868 —0.0827098967736900 0
0.00663966282013075 —0.0332239854720385 0

the according high frequency filter G(11) :

[ Aél’l),Bél’l)

where
0 0 —0.000435000892690504
0 0 0.00107634498899520
—0.0133689968687221 0.0180659030214254 0.0359062140148005
ALY _ 0.0325728063788420 —0.0366941425919970  —0.0842543794721133
2 = | —0.0000359525928575965  0.0180368366377682 —0.0155410753412477
—0.0498000453140100 0.0266824945690023 0.124655750027269
0.198098462178410 —0.0532242431472339 0

0.0568425500394516 —0.0371584022445480 0
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and
0.00107634500547880  0.00246395592796380
—0.00221426265133720  —0.00659560115914500
0.00152634915830774  —0.0283531646738812
B(L1) _ | —0.000160425218156222  0.0770481698281840
2 = 0.139024776016093 —0.0229278286852003
—0.224365982484507 0.165613926931721
0 0
0 0
For N=3: the low frequency H is
| 43,Bs |

where

[ 0.001050692925
—0.00137842235000000
0.00139268157500000
0.000256387700000000
—0.00160885055000000
—0.00227104322500000
0.00425046050000000
0.00697939625000000
0.00313570675000000
| 0.00463437275000000

As =

and

[—0.00227104110000000
0.00155689372500000
0.00358251875000000
—0.0100955255000000
0.00456146675000000

0.0298400175000000

—0.0238858880000000
—0.0910683000000000
—0.0667274600000000

| —0.0149734900000000

B3 =

—0.00137842057500000
0.000692282175000000
—0.00195368792500000
0.000689426350000000
0.00324114650000000
0.00155689295000000
—0.00554880800000000
—0.0109051725000000
—0.0127158987500000
—0.0103890985000000

0.000256384350000000
0.000689427600000000
0.00246803027500000
0.000256788825000000
—0.00459710275000000
—0.0100955242500000
0.0136214717500000
0.0412290350000000
0.0307611950000000
0.0104302502500000

0.00425045850000000
—0.00554880775000000
—0.00681163400000000

0.0136214702500000
0.0135751960000000
—0.0238858877500000
—0.0211511487500000
0.0155957120000000

0.00540489375000000
—0.00451472125000000

0.00313570775000000
—0.0127158972500000
0.00279534225000000
0.0307611925000000
—0.0111617927500000
—0.0667274575000000
0.00540489400000000
0.186497252500000
0.252354425000000
0.114713485000000

117

—0.00905689124923250
0.0186588515823477
—0.0240326834819606
0.0164197093731460
—0.246489256613581
—0.0791089408851653
0
0

0.00139268210000000
—0.00195368947500000
—0.0000792107125000000
0.00246802950000000
—0.00182845547500000
0.00358252100000000
—0.00681163550000000
—0.0129694105000000
0.00279534200000000
0.00434127150000000

—0.00160884990000000 7
0.00324114825000000
—0.00182845650000000
—0.00459710175000000
—0.000462449500000000
0.00456146450000000
0.0135751950000000
0.00137962290000000
—0.0111617912500000
—0.00607148625000000

0.00697939675000000
—0.0109051757500000
—0.0129694082500000
0.0412290375000000
0.00137962135000000
—0.0910682975000000
0.0155957102500000
0.204004107500000
0.186497255000000
0.0542229025000000

0.00463437175000000 7
—0.0103890972500000
0.00434126950000000
0.0104302515000000
—0.00607148425000000
—0.0149734922500000
—0.00451472050000000
0.0542229025000000
0.114713485000000
0.0738123575000000
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the according high frequency filter G(®1) is:

0,1 0,1
| 49, B

where

0
0
0.0210640847478962
—0.0464101621157653
0.0464162170281967
—0.0148847999076046
0.00814260818561114
—0.0122524301445535
0.00802790788749712
0.00129227299604935
—0.206251674975683
| —0.193077118358503

A:(,,O’l) _

and

[—0.00251162793698928
0.00290326168142947
—0.0169691525097504

0.0257533412886414
—0.0288626918641360
0.00196291399059760
0.0229723914952898
0.0268533934244109
—0.00193214541579107
0.0489520963648001
0
0

B§0,1) _

the according high frequency filter

0
0
0.0239720546536162
—0.0448324338217457
0.0342848595744440
0.00558033305273670
—0.0467154701828439
—0.0277486433152704
0.0559304402919023
0.0185563991312259
0.0691297388438068
0.0662377517001263

—0.00276605339437938
0.00138919100219254
—0.0106968956519990

—0.000441982968770556

0.0398536934610097
—0.0618297001230756
0.0602966585303838
0.00453166517810013
—0.0376787773122579
—0.0846968836587366
0
0

—0.00160582481643785
0.00409726174582719
0.00404201086011464
—0.0135314398683656
—0.0198264224147336

0.0505422469291780
—0.0159993737401931
—0.000404415328536778
0.0519817785838869
—0.127552161343852
0
0

0.00334974713300377
—0.00168486130951536
0.00146510165211751
—0.0273373179241198
0.0211677460966716
—0.00300918041169930
0.00344015453596420
—0.0123470593739111
—0.0240772304498232
—0.0000172362627077451
0
0

G1L0).

1,0 1,0
| A8 B

0.00210840782875476
—0.00276605695624201
0.0131150873136822
—0.0320238453236112
0.0441620346722871
—0.0338041163047813
0.0208972745311624
0.00819210561724972
0.0143104249569804
0.0114159327303982
0
0

0.00510130627173317
—0.00694654982345029
0.00904161115774829
0.0116405843638888
—0.0186153897889095
—0.000633047687830840
—0.0184132686843876
0.00233666403745157
—0.0611862857745323
0.102230930632226
0
0

—0.00211208163645764
0.00369236672183579
0.0274648207425377
—0.0420702015213052
0.0136726789155425
0.0633784737497883
—0.0839929469402634
—0.0428119683006598
0.00215710728953622
—0.00636118519334368
0
0

0.00833610915872498
—0.0192392800184229
0.0167474491346390
—0.0212388943774148
0.0458074455546473
—0.0236528277884549
—0.0107884246449990
0.0147725523291714
0.175450513818964
0.164324582631381
0
0
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where

Ag1,0) _

and

B§1,0) _

0
0
0.0430562982764235
—0.0989103424833070
0.0668934862281779
—0.00588318033685025
—0.0243240357491118
0.0430266661144508
0.00296329023210645
0.0725077035388635
0.0301893868652180
| 0.0533163698587758

[—0.00838916560067383
0.00832101688545020
—0.0195083882136818

0.0280373673851783
0.00926564511043194
—0.0214335324120101
—0.0463560021493588
0.0575023135618419
—0.0281928196286481
0.0242942780057384
0.0301893868652180
0

0
0
0.0722381944359635
—0.129100408313870
0.0987500468818425
0.0292508074529420
—0.181905200127919
0.0106705182233941
0.0367078054522158
—0.0459545384210097
—0.0504379463992989
—0.0400877033020673

—0.00692037689171673

0.00347561089358910
0.00801511296858635

—0.0661907094112600

0.0747452316247861

—0.0446881750163803

0.0925469247517093

—0.0415160281163310
—0.0559230352386463

0.0115554018164617
0
0

0.00214620015224831
0.00197114509328672
—0.0154883109392574
0.0224757608820818
—0.0591162021033808
0.0473008267916477
0.0561947145729417
—0.0290097964681611
—0.0680297108965943
0.0288790436164232
—0.0504379463992989
0

0.00989630705822832

—0.00496345833052713
—0.0172234277064309

0.0207626529509143

—0.0143124664652826
—0.0552466436221325

0.0728430848486414

—0.0528568157392743

0.0214290414095881

—0.00646421647363700

0
0

the according high frequency filter G(1:1) :

1,1 1,1
| Al By

119

0.00527501632690025
—0.00692038580312525
0.0453505977199668
—0.110105039768344
0.0934888354547117
—0.000349213984559003
0.0418438381667381
—0.0560909736703448
0.0961414981891572
0.0178594039299865
0
0

0.0143677147287506
—0.0194848799859822
0.0440175780522542
—0.0376050794668453
0.00982383934527517
0.0354779660428747
—0.114456588994710
0.0227697014669532
0.0607176374983685
—0.0396891818500721
0
0

—0.0101884144998694
0.0129506154039823
—0.00305671986155127
—0.00000756923044740959
0.0365382965870718
—0.0523073283567794
0.0253719840027164
0.0186544213384738
0.0488977765058992
—0.00434344578020062
0
0

0.0201798532694428
—0.0440157637577756
0.0245364382262692
0.0155710585771673
0.0140955645965111
0.0348047014923097
—0.0816048144015882
0.0141506515007110
—0.0663656994848438
—0.0292035934395572
0
0
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where
B 0 0 0.000117374244555254 7]
0 0 —0.000153985315937410
0.0165581192613890 0.0192771703500114 —0.00688264884627795
—0.0250834224646992 —0.0228401509344430 —0.00351453831942513
0.0375587904487678 0.0437987753887888 —0.0284995953515754
A(l,l) _ |—0.0267179685329450 0.0330009626043208 0.0394850794761708
3 ~10.00109617310856942 —0.00930279220410017 0.0868316949686014
0.0648440384668865 —0.00307729660865373 0.0468852775112540
—0.108009329679053 0.0781799357487619 —0.0637692840819434
—0.0670890385413101 —0.0649439483839269 0.120268713309136
0.0891689395944439 —0.00188578160672728 0
_0.0452606821151232 —0.0489688158222072 0 |
—0.000153985117649902 0.00221910132792689 ]
0.0000773357232891733 —0.00292542095530328
—0.0121652358804233 0.0191928042147786
0.00472002971601547 —0.00572637127319008
—0.00779304103223451 0.0238324075469179
—0.0592245039644389 —0.0216842582050344
0.0389316512106280 0.0834535265849850
—0.0295526682147306 —0.0820283152110427
0.0966001541477489 —0.0982751213673698
—0.162743091596802 0.167760599575571
0 0
0 0 i
and
[—0.00267852730807130 0.000707617420121361 0.00267403038060246
0.00143663407655740 —0.00105069814653051 0.000310430245042659
0.00658053803554283 0.00890992585869000 0.0346484234976300
—0.0165262691330678 —0.0434796922709317 —0.0392359562564319
0.0183227228402569 0.0139265178328942 0.0613361594339826
B(l,l) _ | 0.0479171815501325 —0.00219586602067572 —0.0735708287261825
3 | —0.0211485776565514 —0.0576433485215772 —0.0221614678478543
0.0464606868315364 0.0311295336982669 —0.0184089302371874
0.0966108277321110 —0.0471218886770148 —0.00615051575903280
—0.0776615355776033 —0.0342254988622366 0.0576556953214200
0 0 0
i 0 0 0
—0.00127230194216365 —0.00919792524374074 ]
0.00411508193941002 0.00317149071267714
—0.00140929351645181 —0.0374351916890777
—0.0000762170152020060 —0.00171730766476417
—0.000579469780395569 —0.0533961102368122
0.0143176725285066 0.102737600816209
0.0647896358857432 —0.0655311476616241
0.0244688620170385 0.0214227520262634
0.00934674967705861 0.00549748808290365
—0.0206149532815089 —0.0464746259449390
0 0
0 0 i
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Directional Wavelet Analysis
with Fourier-Type Bases for Image Processing

Zhen Yao, Nasir Rajpoot and Roland Wilson

Abstract. Motivated by the fact that in natural images, there is usually a pres-
ence of local strongly oriented features such as directional textures and linear
discontinuities, a representation which is both well-localised in frequency and
orientation is desirable to efficiently describe those oriented features. Here
we introduce a family of multiscale trigonometric bases for image processing
using Fourier-type constructions, namely, the multiscale directional cosine
transform and the multiscale Fourier transform. We also show that by seek-
ing an adaptive basis locally, the proposed bases are able to capture both
oriented harmonics as well as discontinuities, although the complexity of such
adaptiveness varies significantly. We conducted denoising experiments with
the proposed bases and the results show great promise of the proposed direc-
tional wavelet bases.

Keywords. Directional wavelets, curvelets, Fourier transform, cosine trans-
form, denoising, restoration.

1. Introduction

The application of transforms in image processing is often based on a separable
construction. Rows and columns in an image are treated independently and the
two-dimensional basis functions are simply tensor products of the corresponding
one-dimensional functions. Such method keeps simplicity in terms of design and
computation, but is not capable of capturing properly all the interesting features
of an image. For example, the orthonormal separable wavelet transform [5] in
higher dimensions is seriously limited in its ability to efficiently represent higher
dimensional features such as lines. Furthermore, the lack of frequency selectivity
remains an elusive problem with most techniques operating in the wavelet domain.

Edges and textures in an image can exist at all possible locations, orienta-
tions, and scales. The ability to efficiently analyse and describe directional patterns
is thus of fundamental importance for image analysis and image compression. The
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idea that biological visual systems might analyse image along dimensions such as
orientation, scale and frequency (ie. bandpass) dates back to the work by Hubel
and Wiesel [19] in the 1960’s. In the computational vision literature, the idea of
analysing images along multiple orientations appears at the beginning of the sev-
enties with the Binford-Horn’s line-finder [119, 120] and later work by Granlund
[121]. Many edge-based image representations have then been elaborated [97, 98]
with different edge detection procedures and image approximations using jump
models along these edges. To refine these models, multiscale edge representations
using wavelet maxima [99] or an edge-adapted multiresolution representation [100]
have also been studied. Edge based image representations with complete orthonor-
mal families of foveal wavelets in [101] and footprints [102] have been introduced
and studied to reconstruct the main image edge structures. To stabilize the edge
detection, global optimization procedures have also been elaborated by Donoho
[103], Shukla et al. [104] and Wakin et al. [105]. The optimal configuration of edges
is then calculated with an image segmentation over dyadic squares using fast dy-
namic programming algorithms over quadtrees. Instead of describing the image
geometry through edges, which are most often ill-defined, Le Pennec and Mallat
later proposed a basis named “bandelets” [106] which characterises the image ge-
ometry with a geometric flow of vectors. Recently, Peyré and Mallat presented
the second generation bandelets [122]. The decomposition is computed first by the
standard wavelet transform, followed by adaptive geometric orthogonal filters. The
compression results are significantly better than wavelet-based coders.

All the approaches previously discussed are adaptive representations, in the
sense that the bases are adapted to the signal /image contents. Meanwhile, from a
different heuristic principle, a number of researchers have been working on develop-
ing fized directional representation bases for natural images. The idea of curvelets
[64] is to represent a curve as a superposition of functions of various lengths and
widths obeying the scaling law width = length?. Several different methods were
proposed to construct the curvelets. A digital implementation for the curvelet
transform, more commonly referred as the curvelet-99 was used in [88] for noise
removal by Starck et al. The transform first decomposes the image into subbands,
i.e., separating the object into a series of disjoint scales, using the algorithme d
trous wavelet transform. Each scale is then analysed by means of a local windowed
ridgelet [54] transform. The proposed transform is 16J+1 times redundant, with .J
being the number of scales for decomposition. The same authors later proposed a
combined approach with curvelets and wavelets in denoising [89]. Such joint sparse
representation idea is related to the idea of Matching Pursuit (MP) and Basis Pur-
suit (BP) [92], and another application in image deconvolution was presented in
[90].

While the redundancy certainly is a advantage in the area of image restora-
tion, it is by no means an ideal transform for compression and other tasks. In
order to construct a form of discrete curvelet frame with less redundancy, Do and
Vetterli [66, 67] pioneered the “contourlet” transform by marrying the Laplacian
pyramid and a directional filter bank. Such approach is called “double filter bank”
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structure. The Laplacian pyramid mainly is used for separating isotropic features
into different resolutions, then the directional filter links the point discontinu-
ities into linear structures. This allows contourlets to efficiently approximate a
smooth contour at different scales. The double filter bank design certainly allows
the contourlet to be flexibly constructed. In [111], Lu and Do developed a critically
sampled contourlet transform called “CRISP-contourlet using a combined iterated
non-separable filter bank for both multiscale and directional decomposition. A
non-subsampled contourlet transform was recently proposed [110]. The Laplacian
pyramid was substituted with a 2-channel non-subsampled 2D filter bank which
is similar to the @ trous wavelet expansion. However, with J levels of decomposi-
tion, it has J 4+ 1 redundancy. By contrast, the 2-D d trous algorithm by tensor
product has 3J + 1 redundancy. The whole transform has 1 + ijl 2 where
l; denotes the number of levels in the transform at the j-th scale. Experimental
results suggest that the transform compares favourably to other existing denoising
and enhancement methodds reported in literature.

The curvelets can also be conveniently constructed from a frequency tiling
approach. Such idea later adopted by Candés and Donoho [65] in constructing
second gemeration curvelets which do not require ridgelets. Such tight frame can
be computed more efficiently than the previous curvelet-99 implementation. A
recent report [8] details its implementation using unequally-spaced fast Fourier
transforms (USFFT) and the wrapping of specially selected Fourier samples. Both
implmentations are improved in the sense that they are conceptually simpler, faster
and far less redundant. The same strategy was used in constructing a 3D curvelet
transform [7] whose basis functions are planar patches. These digital implementa-
tions can be found in the CurveLab distribution.

However, the assumption that natural images are characterised solely by lin-
ear edges is not true. Evidently we have seen attempts to separate the image
into additive ingredients [3] - usually one is textural and the other is piecewisely
smooth. This suggests that there is usually a presence of local strongly oriented
harmonics (textures) separated by curvilinear edges. Sparse representations which
are both well-localised in frequency and orientation is desirable to efficiently de-
scribe such oriented harmonic features. Also, it would be ideal to accommodate
both directional linear features as well as directional periodic textures in a unified
manner according to the “image=texture+edge” model. In this paper, we show
that directional wavelet analysis can be performed with directional trigonometric
transforms localised in a multiscale framework. We introduce the Multiscale Di-
rectional Cosine Bases in section 2 which can efficiently represent local oriented
harmonics, and with a local directional cosine packet analysis, we can accommo-
date both directional periodic ridges and ridgelets which is a dual basis to the
ridgelet packets. In section 3, we show that directional singularities and harmonics
can also be captured by the Multiresolution Fourier transform using a Gaussian
model of its magnitude spectrum with less computational burden. Next we show
some results from our denoising experiments with both transforms and compare
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them with other wavelet transforms in section 4. The paper concludes with a
summary in section 5.

2. The Multiscale Directional Cosine Transform

Like the 2D orthonormal wavelet transform, the discrete cosine transform (DCT)
in 2D is also formed by tensor product, resulting in basis functions which look like
“chessboard” patterns. Therefore we need to define a directional cosine operator in
order to bring the orientation parameter into the transform. Also, we will need to
localise the basis spatially in order to capture local features. This section describes
the construction of the Multiscale Directional Cosine Transform (MDCT).

2.1. The Directional Cosine Basis
First we define the parametric space I' = {y = (k, 6)} where k € [0, 2r),d € S¢1,
g is on the unit sphere S%1 in dimension d which indicates orientation and k
indicates the frequency. Consider a family of orthonormal trigonometric basis for
L?([0,1]), derived from Fourier transform f(¢) = [ e~ f(z)dz.

1. {V2sin(ZHr2)}, k=0,1,2,3, ...

2. {V2sin(knz)}, k=1,2,3, ...

3. {V2cos(ZH 7))}, k =0,1,2,3, ...

4. {1,v/2cos(knz)}, k =1,2,3,...
We denote such a trigonometric basis as ci(z), and the corresponding transform

can be written as (f, ci). Now we define the continuous directional trigonometric
transform on a multi-variate function f(x),x € R%:

Cy(x) = ex(0 - x) (1)

Since (f, ¢k is essentially a Fourier transform, we have the admissibility condition
é 2

Ke = | |(§|2l| d€ < o0 (2)

and the reconstruction is
£ = [1r.eicna) 3)

The Parseval relation holds
1918 = [ 115.€)Putan) (4)

For a general image representation, we choose the c; = {1,v/2cos(kmz)},
known as the cosine II basis, which has faster decay on interval [0, 1] than the
Fourier transform. We then have the directional 2D basis

Ci.o0 = M cos(mk(z cos 0 + ysin6)) (5)

1 ifk=0
Where)\kz{ V2 if 2 £ 0
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FIGURE 1. The 8 x 8 directional cosine basis vectors

The directional 2D continuous cosine transform is defined as
Cf(k,0) = (f,Crp)
= / A f(z,y) cos(mk(x cos @ + ysin 0))dxdy
]R?

The directional cosine basis vectors are indexed by frequency k and direction
0, as can be seen in Figure 1. It is obvious that the basis vectors look similar to the
Fourier basis despite the fact that the directional cosine transform is real-to-real
instead of real-to-complex and its approximation error decays more rapidly than
the Fourier counterpart, due to its symmetrical boundary extension.

2.2. Directional Cosine Packets

Smooth local trigonometric bases proposed by Coifman and Meyer [1] and by
Malvar [2] use smooth window functions to split the signal and to fold overlapping
parts back into the pieces so that the orthogonality is preserved. Therefore, the
folded signal is suited for representation by a trigonometric basis. At its simplest,
a typical local cosine basis function has the form :

Gn.k(x) = by(x) cos(k + %)mc (6)

where b, is a smooth window or a bell function.
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The usefulness of applying smooth local trigonometric bases to focus on local
interesting properties of a signal is well studied, and their applications such as
MP3 audio compression have been demonstrated to be successful. As we have
discussed, image usually consists regions of homogenous textures separated by
linear edges and contours. It is then natural to consider applying local cosine
basis on Radon projected slices in order to represent both periodic patterns and
some linear singularities. In this work, we use the Coifman-Wickerhauser’s entropy-
based best basis algorithm [45] to look for the best local cosine basis with dyadic
interval. The resulting adaptive basis is similar to one possible “ridgelet packets’
construction mentioned in [32]. We will thereafter refer to such dictionary of bases
in the Radon domain as the “directional cosine packets”.

2.3. Multiscale Digital Implementation

For an image representation basis to be useful, the basis vectors should be localised
both in space and frequency, and they should have certain orientation selectivity.
More importantly, to capture patterns of interest at different scales, the basis need
to be multiresolution. A prototypical MDC function has the form

Vioo5(X) = b (xs_t> Cos (x;t> . M)

where k, 6, t and s denotes the frequency, orientation, location and scale pa-
rameters of the function respectively and b(-) is the smooth bell function chosen
along with the sampling interval to ensure invertibility of the discrete form of the
transform.

The discrete implementation of MDCT is similar to the digital curvelet-99
construction. While the discrete cosine transform and discrete Radon transform
[65] are well studied in the literature, a combination of these two transforms gives
us the discrete directional cosine operator. Unlike curvelet-99 which is very re-
dundant, the multiresolution property of the MDC transform is given by the well-
known decimated Laplacian pyramid [35]. The discrete MDC of a 2D vector x, at
scale s is given by

X = Cn(I - Gs,s—i—le—i-l,s)xs- (8)
where X, denotes the transform at scale s, C, is the discrete directional cosine
transform operator with window size n x n, I is the identity operator, xs is the
Gaussian pyramid representation of x at scale s

s—1
Xs = H Gip1,x. 9)
1=0

and G 541, Gs41,5 are the raising and lowering operators associated with tran-
sitions between levels in the Gaussian pyramid. We certainly have the choice of
using the directional cosine packets as the transform operator C,, by substituting
the cosine transform by a cosine packet operator v,,, forming a semi-adaptive ba-
sis. In this way, the MDC packet basis is able to capture a wide range of directional
features at different resolutions.
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3. The Multiresolution Fourier Transform

The MDCT is similar to the curvelet-99 transform, only the wavelet ridge function
is replaced by the cosine basis. With the local cosine analysis on Radon slices, the
MDC packet bases fits well to the “image = edges + textures” model.

However, the proposed bases have two limitations. The first problem is that
best basis for local cosine packets has to be sought on every Radon slice, making the
computation extremely expensive. Secondly, the Radon transform is a redundant
transform and its inverse introduces some numerical errors. One might note that
the Radon transform is directly related to the Fourier transform by the Fourier
Slice Theorem, briefly stated as below:

Theorem 1. (Fourier Slice Theorem). The 1D Fourier transform with respect to t
of the projection Rf(t,0) is equal to a central slice, at angle 0, of the 2D Fourier
transform of the function f(x,y), that is,

Rf(t,0) = f(Ecosb, Esind). (10)
where
f(€17§2) = //f(x,y)e_zﬂi(l’ﬁl-i-yﬁz)dxdy_
is the 2D Fourier transform of f(x,y).

Since many discrete Radon transform are implemented via this theorem,
it suggests that we may be able to perform such directional analysis using the
standard Fourier transform.

3.1. The MFT Implementation

The Multiresolution Fourier Transform (MFT) [42, 44] has been proposed as a
combination of STFT and wavelet methods, which inherits many of the desired
features of both. With the windowing function g(t), the transform of a function
f € L?(R) at position u frequency & and scale s is defined as:

+oo
Mot = [ fOalse - ue (11)

In effect, it is simply a stack of windowed Fourier transforms, in which the
scale of the analysis window is varied systematically with the stack index. As a
general image analysis tool, it has been applied in feature extraction and seg-
mentation with music and image analysis, such as music note segmentation and
extracting boundary curves in a multiresolution fashion [44]. It has also been used
in texture synthesis and analysis [17] and many other areas.

The discrete implementation of MFT can take many forms. Similar to the
construction of the digital MDCT described before. We build the MFT on top
of the Laplacian pyramid, then on each level of the pyramid, windowed Fourier
transform is performed with the same window size regardless of the scale. The
discrete MFT of a 2D vector x, at scale s is given by

Xs = fn(I - Gs,s-‘rle-i-l,S)xS' (12)



130 7. Yao, N. Rajpoot and R. Wilson

Directional Cosine
Transform

1saat

MFT (Polar) BT L?::r']?fi?s]n 1DOWT

Curvelet

FIGURE 2. The relationships between MFT, Radon, Curvelet and
directional cosine basis

where F,, is the discrete Fourier transform operator with window size n x n. The
closeness of the Burt and Adelson filter to a Gaussian function gives the pyramid
virtually isotropic behavior, which can be well exploited by the high frequency
resolution of the Fourier basis. The whole transform is some 5.33 times redundant
if overlapping window is used.

We can see that the only difference between MFT and the MDCT is that the
operator used here is just a Fourier transform. In fact, the polar separablity of the
Fourier transform suggests that it is also a directional trigonometric transform and
Radon transform was implemented via the Fourier-slice theorem by inverse Fourier
transform on Fourier polar slices. The relations between MFT, MDCT, Radon and
curvelet transform can be illustrated in Figure 2. It is obvious that it requires an
inverse Fourier transform and a cosine transform to convert the Fourier domain into
the directional cosine domain. Although it has some advantage in approximation
convergence, the extra computation is 2 times more than the conventional Fourier
transform.

3.2. Gaussian Modelling of Fourier Spectrum

The Fourier basis is a natural representation for directional periodic patterns,
although it decays slower than a cosine basis in terms of approximation. In order
to perform some sort of “curvelet” analysis, we need a model for linear features in
the Fourier domain. Fortunately, such model is not difficult to derive, since a line
in the spatial domain will be transformed into another line in its Fourier domain
perpendicular to its direction.

The magnitude intensity of the local Fourier spectrum can be modelled as a
single 2D Gaussian function with its centroid fixed at the origin, which means the

Gaussian is zero-mean :
1 _ TC—I
G(x) = o €XP (xx) . (13)
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(b) (©) (d)

FIGURE 3. (a) a noisy line, (b) the Fourier transform of the noisy
line, (¢) The Gaussian filter estimated from inertia tensor, (d) the
denoised line.

The covariance matrix C of the Gaussian G(-) can be obtained from the
inertia tensor of the spectrum.

=Y I @), (14)

where the f (u;) denotes the Fourier coeflicients. With the covariance matrix C,
the shape and the orientation of the Gaussian is determined. The centroid of
the feature xy can then be estimated by taking the pairwise average correlations
between neighbouring coeflicients in each of the horizontal and vertical directions:

o= o (T - vj@r). (19

where B is the windowing size.

The choice of using the Gaussian function is due to several reasons. First,
the uncertainty principle states that the Gaussian function can achieve optimal
spread in space and frequency, and it is smooth in both domains. Secondly, the
shape of the 2D Gaussian function can be both isotropic and anisotropic. When
the covariance matrix gives an anisotropic Gaussian distribution, this suggests that
the spatial feature is a linear shape. In other cases, the Gaussian blobs will tend
to be isotropic. A simple measure of the anisotropy can be obtained by performing
the Principal Components Analysis (PCA) on the covariance matrix C, yielding
two eignvalues Ay and Ao, where A1 < Ay. The measure is simply:

A1 — Ao
AL+ A2

(16)

To test the effectiveness of our model, we use a simple linear feature with
Gaussian white noise. The noisy line (see Figure 3.(a)) is transformed into its
Fourier domain (see Figure 3.(b)). In order to suppress noise, we can use the G(x)
as a frequency filter in the Fourier domain. However, the problem is that the inertia
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TABLE 1. The comparative image denoising results in SNR

Image || Noise (dB) | TIWP Curvelet | MDCT MDC Packet MFT
0 14.75 14.59 14.89 15.19 14.80

5 16.08 15.93 16.42 16.85 17.10

barbara 10 18.00 17.64 18.44 18.85 19.68
15 21.12 19.64 20.34 20.71 22.46

20 24.92 21.41 21.88 22.10 24.65

0 17.06 17.10 17.24 17.75 16.63

5 18.96 18.82 18.99 19.63 19.02

lena 10 21.08 20.83 21.05 21.89 21.60
15 23.49 23.10 23.35 24.26 24.43

20 26.15 25.35 25.60 26.31 26.94

0 12.93 13.06 13.10 13.22 12.85

5 13.81 13.66 13.84 14.29 14.01

grain 10 15.87 15.01 15.51 16.18 16.30
15 18.72 17.28 18.00 18.84 19.66

20 22.02 20.05 20.56 21.38 22.82

tensor itself is easily affected by noise. Our solution is to apply thresholding on
the noisy transformed data as a stage of pre-processing, in order to suppress the
noise energy. The inertia tensor C' then can be more reliably estimated from the
thresholded data. Therefore, the resulting Gaussian frequency filter is estimated
from a thresholded version of Figure 3.(b). The inversion is a clean line image
without most of the noise energy. In this way, we have achieved a directional
ridgelet-like analysis with the Fourier basis, based on the single-feature hypothesis.
While the assumption is not realistic for a natural image, such library of wave
packets will work well locally in a multiresolution setting. A combination of this
model to the MFT allows us to analyse the signal adaptively, so that many features
including contours and textures can be captured effectively.

4. Image Denoising Experiments

Good bases for reprensenting images should be able to capture important features
of interest, so that the reconstruction requires as few basis functions as possible.
The bases’ effectiveness can be tested by performing denoising experiments by
simple thresholding in the transformed domain. For the MDCT and MDC packet
transform, the denoising experiments are performed in such settings:

e The Laplacian pyramid is decomposed at 5 levels of subbands.
e The window size n is chosen at 16 x 16, modulated with a squared cosine.
e The windows are overlapped by 50%.
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The thresholding we use is a form of the universal thresholding proposed in
[76], multiplied by an extra constant a, © = a\/2log No/1.23%, where N = n? =
256 here and L denotes the level of decomposition, while L = 0 corresponds to the
highest frequency subband. For directional cosine denoising, a = 0.08 was found
to give satisfactory result. For the directional local cosine packets, a = 0.062 was
used. The lowpass subband is left intact.

The settings for the MFT are generally the same as for the MDCT, only with
a little sophistication on estimating the filter and a = 0.8

1. Within each Fourier transformed block B, we apply the threshold 8,/2log 256¢
on that to obtain BT, from which the inertia tensor C' will be estimated.

2. If Ac > 0.43, which means there is a strong directional feature present, the
Gaussian filter generated from C will apply on the original noisy spectrum
B to obtain Bg, the inverse Fourier transform is taken on (EG + BT) /2 as
the denoised block.

3. Otherwise, we take the BT as the denoised block.

The Fourier-type transforms are compared with two algorithms. The first
is a wavelet-packet based wavelet shrinkage algorithm which is described in [15],
called S-Bayes in which the thresholding function is a modified version of the
BayesShrink [80]. The best wavelet packet basis is sought by using the Shannon
entropy function and cycle-spinning [81] is used to suppress the pseudo-Gibbs
artifact. Essentially such treatment gives the translation invariance to the wavelet
packet basis, which is known to be good in representing periodic signals as well as
discontinuities.

The second is a modified version of curvelet. The curvelet-99 implementation
reported in [88], which uses a much more redundant overcomplete wavelet frame
than our MDCT and MFT, is a “specialised” transform to perform denoising task
instead of general-purpose image processing. Therefore, here the local ridgelets
are placed on the Laplacian pyramid as in our setting, in order to carry out a fair
comparison.

We have conducted experiments on a wide range of natural images. Three
of them present some typical characteristics: barbara contains some directional
and non-directional periodic textures; lena, which can be regarded as one of the
“curvelet-friendly” image, since it mainly consists of linear discontinuities at dif-
ferent scales; the grain image is a texture image which was considered to be
very difficult to compress. It contains many directional components, however very
irregular.

Table 1 gives denoising results in SNR by those five bases, where the best
numbers are stressed in bold. We see that the best results are always among the
MDC packet and the MFT, while the MDC packet seems to be more effective in
more noisy situations. This is due to the fact that the Gaussian filters are estimated
from the noise-sensitive inertia tensor. When the spectrum are dominated by the
noise energy, a simple thresholding would fail to preserve the signal information.
However, the MFT can be considered as the overall winner: it compares well with
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Directional cosine, Directional local cosine, MFT,
18.44 dB 18.85 dB 19.68 dB

FIGURE 4. Detailed comparative denoising results on barbara

other denoising methods and its computational cost is much lower than the rest
of the methods. We also notice that TTWP-S-BayesShrink sometimes outperforms
at some low noise levels, since the BayesShrink tends to optimise the MSE output.
However, the visual qualities of other candidates are more pleasing, preserving
important directional features on the image.

A detailed head-to-head comparison is presented in Figure 4 on barbara. It is
obvious that from the TIWP-S-BayesShrink thresholded image, the diagonal strips
are absent on the cloth in the middle, although a few of such patterns can be seen
on the trousers. The curvelet is able to recover some of those directional patterns,
but incomplete nonetheless. These features are restored almost completely by our
proposed methods.

Since the directional cosine packets can be regarded as a generalisation of
the curvelets and directional cosine bases, it is not suprising to see it gives better
results than these two counterparts. However, it introduces considerable amount
of extra computations, since the best basis has to be sought for each of the Radon
slices. Also, the inverse Radon transform from incomplete data introduces numer-
ical errors in the reconstruction. Although visually MFT and MDC packet both
captured linear and oscillating patterns, MFT’s reconstruction is much sharper
and outperforms by quite a margin in SNR. On the other hand, the best-basis
search ensures that the denoised image from MDC packet is smoother and almost
“artifact-free”. Considering the visual/statistical performance and the complexity,
the MFT with Gaussian filter is the overall winner.
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5. Conclusions

In this paper, we have reviewed a growing literature body on directional wavelets’
construction, analysis and their applications. The contribution of this paper is to
introduce sets of Fourier-type bases which have localisation in space and frequency,
orientation selectivity, and employing a multiresolution pyramidal framework al-
lowing analyses of images at different scales.

In a sense, the Fourier-type bases qualify as geometrical wavelets and share
a lot of similarities with other directional wavelet bases proposed previously. But
the semi-adaptiveness allows us to capture local directional texture patches and
linear features at ease and we have shown that by a simple Gaussian frequency
filter model of magnitude spectrum intensity, analysis of directional harmonics and
linear features can be carried out much more efficiently than any other directional
wavelet bases proposed to date. It can be considered as a parametric curvelet
representation, or a generalised directional wavelet packets and the simple inertia
tensor method has demonstrated to be a good substitute for the Cartesian-polar
conversion. More importantly, its computational cost is a big advantage, since it
does not involve a notion of Radon transform, nor the best-basis search as in some
adaptive representations.

The effectiveness of the proposed bases was tested against the state-of-the-
art translation-invariant wavelet packet based shrinkage method and the curvelets.
The new bases demonstrated a strong potential in the experiments, outperforming
the opponents by quite a margin. While producing much visually pleasant output
than the wavlet packets with optimal threshold, the MDC bases seems to be able
to capture a wider range of directional features than the curvelet, even without
the local cosine treatment.

The denoising experiments show the effectiveness of conducting multireso-
lution analysis with these bases. A wide variation on the theme is possible, for
example using variable sized windows on the original image might be another pos-
sibility, or to use the algorithme d trous subband decomposition for better denoising
results. The usage of the Gaussian frequency filter and its parameter estimation in
noisy environments are still under investigation. It is our intention to put forward
these bases in a general way in this work to popularise their usage in various kinds
of image processing tasks.
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Unitary Systems and Wavelet Sets

David R. Larson

Abstract. A wavelet is a special case of a vector in a separable Hilbert space
that generates a basis under the action of a system of unitary operators de-
fined in terms of translation and dilation operations. We will describe an
operator-interpolation approach to wavelet theory using the local commutant
of a unitary system. This is an application of the theory of operator algebras
to wavelet theory. The concrete applications to wavelet theory include results
obtained using specially constructed families of wavelet sets. The main sec-
tion of this paper is section 5, in which we introduce the interpolation map o
induced by a pair of wavelet sets, and give an exposition of its properties and
its utility in constructing new wavelets from old. The earlier sections build up
to this, establishing terminology and giving examples. The main theoretical
result is the Coefficient Criterion, which is described in Section 5.2.2, and
which gives a matrix valued function criterion specificing precisely when a
function with frequency support contained in the union of an interpolation
family of wavelet sets is in fact a wavelet. This can be used to derive Meyer’s
famous class of wavelets using an interpolation pair of Shannon-type wavelet
sets as a starting point. Section 5.3 contains a new result on interpolation
pairs of wavelet sets: a proof that every pair of sets in the generalized Journe
family of wavelet sets is an interpolation pair. We will discuss some results
that are due to this speaker and his former and current students. And we
finish in section 6 with a discussion of some open problems on wavelets and
frame-wavelets.
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1. Introduction

A wavelet is a special case of a vector in a separable Hilbert space that generates a
basis under the action of a collection, or “system”, of unitary operators defined in
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terms of translation and dilation operations. This approach to wavelet theory goes
back, in particular, to earlier work of Goodman, Lee and Tang [10] in the context
of multiresolution analysis. We will begin by describing the operator-interpolation
approach to wavelet theory using the local commutant of a system that was worked
out by the speaker and his collaborators a few years ago. This is really an abstract
application of the theory of operator algebras, mainly von Neumann algebras,
to wavelet theory. The concrete applications of operator-interpolation to wavelet
theory include results obtained using specially constructed families of wavelet sets.
In fact X. Dai and the speaker had originally developed our theory of wavelet sets
[5] specifically to take advantage of their natural and elegant relationships with
these wavelet unitary systems. We will also discuss some new results and open
questions.

The main idea in operator-theoretic interpolation of wavelets (and frames)
is that new wavelets can be obtained as linear combinations of known ones using
coefficients which are operators (in fact, Fourier multipliers) in a certain class.
Both the ideas and the essential computations extend naturally to more general
unitary systems and wandering vectors. Many of the methods work for more in-
volved systems that are important to applied harmonic analysis, such as Gabor
and generalized Gabor systems, and various types of frame unitary systems.

1.1. Terminology

The set of all bounded linear operators on a Hilbert space H will be denoted by
B(H). A bilateral shift U on H is a unitary operator U for which there exists
a closed linear subspace E C H with the property that the family of subspaces
{U™E : n € Z} are orthogonal and give a direct-sum decomposition of H. The
subspace F is called a complete wandering subspace for U, and the multiplicity of
U is defined to be the dimension of E. The strong operator topology on B(H is the
topology of pointwise convergence, and the weak operator topology is the weakest
topology such that the vector functionals w, , on B(H) defined by A — (Az,y),
A € B(H), z,y € H, are all continuous. An algebra of operators is a linear subspace
of B(H) which is closed under multiplication. An operator algebra is an algebra
of operators which is norm-closed. A subset S C B(H) is called selfadjoint if
whenever A € S then also A* € §. A C*-algebra is a self-adjoint operator algebra.
A von Neumann algebra is a C*-algebra which is closed in the weak operator
topology. For a unital operator algebra, it is well known that being closed in the
weak operator topology is equivalent to being closed in the closed in the strong
operator topology. The commutant of a set S of operators in B(H) is the family of
all operators in B(H) that commute with every operator in S. It is closed under
addition and multiplication, so is an algebra. And it is clearly closed in both the
weak operator topology and the strong operator topology. We use the standard
prime notation for the commutant. So the commutant of a subset S C B(H) is
denoted: 8’ := {A € B(H) : AS = SA, S € S§}. The commutant of a selfadjoint set
of operators is clearly a von Neumann algebra. Moreover, by a famous theorem of
Fuglede every operator which commutes with a normal operator N also commutes
with its adjoint N*, and hence the commutant of any set of normal operators is also
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a von Neumann algebra. So, of particular relevance to this work, the commutant
of any set of unitary operators is a von Neumann algebra.

1.1.1. Frames and Operators. A sequence of vectors {f;} in a separable Hilbert
space H is a frame (or frame sequence) if there exist constants Cp,Cy > 0 such
that

ClfIB <D 1< £, £ > 12 < Call fI13
J

for all f € H. If Cy = Cy the frame is called tight, and if C; = C2 = 1, {f;} is
called a Parseval frame. (The term normalized tight has also been used for this
(cf [14]). A vector € is called a frame vector for a unitary system U if the set of
vectors UE is a frame for H.

A Riesz basis for a Hilbert space is a bounded unconditional basis. Frames
sequences are generalizations of Riesz bases. A number of the basic aspects of
a geometric, or operator-theoretic, approach to discrete frame theory on Hilbert
space arises from the fact that a frame sequence is simply an “inner” direct sum-
mand of a Riesz basis. The basic principle is that a Hilbert space frame sequence
can be dilated to a Riesz basis for larger Hilbert space. We call this the Frame
Dilation Theorem. In other words, for a given frame sequence there is a larger
Hilbert space and a Riesz basis for the larger space such that the orthogonal pro-
jection from the larger space onto the smaller space compresses the Riesz basis to
the frame sequence. We proved this at the beginning of [14], and used it to prove
the other results [14], and subsequently to prove some applications to Hilbert C*-
module theory jointly with M. Frank. We proved it first for Parseval frames, and
then for general frames. (We remark that this type of dilation result for frames was
also independently known and used independently by several others in different
contexts.)

It is interesting to note that the Parseval frame case of the Frame Dilation
Theorem can be derived easily from the purely atomic case of a well known theorem
of Naimark on projection valued measures. We thank Chandler Davis for pointing
this out to us at the Canadian Operator Algebras Symposium in 1999. We (Han
and I) basically proved this special case of Naimark’s theorem implicitely in the
first section of [14] without recognizing it was a special case of Naimark’s theorem,
and then we proved the appropriate generalization we needed for general (non-
tight) frames. Naimark’s Dilation Theorem basically states that a suitable positive
operator valued measure on a Hilbert space dilates to a projection valued measure
on a larger Hilbert space. That is, there is a projection valued measure [PVM] on a
larger Hilbert space such that the orthogonal projection from the larger space unto
the smaller space compresses the [PVM] to the [POVM]. In the discrete (i.e. purely
atomic measure) case, it can be interpreted as stating that a suitable sequence of
positive operators dilates to a sequence of projections. The dilation theorem for
a Parseval frame follows easily from Naimark’s Theorem applied to the [POVM]
obtained by replacing each vector x; in the frame sequence with the elementary
tensor operator x; ® x;, obtaining the atoms for a [POVM] defined on all subsets of
the index set for the frame. The dilation theorem for a general (non-tight) frame
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does not seem to follow directly from Naimark’s theorem — but it may follow from
a generalization of it. We remark that some other generalizations of the frame
dilation theorem have been recently worked out, notably by W. Czaja.

1.1.2. Unitary Systems, Wandering Vectors, and Frame Vectors. We define a uni-
tary system to be simply a countable collection of unitary operators U acting on
a Hilbert space H which contains the identity operator. The interesting unitary
systems all have additional structural properties of various types. (For instance,
wavelet systems and Gabor systems are both “ordered products” of two abelian
groups: the dilation and translation groups in the wavelet case, and the modula-
tion and translation groups in the Gabor case.) We will say that a vector ¢ € H
is wandering for U if the set

Uy = {Uy: U €U} (1)

is an orthonormal set, and we will call ¥ a complete wandering vector for U if
U+ spans H. This (abstract) point of view can be useful. Write W(U) for the set
of complete wandering vectors for U. Further, a Riesz vector for U is a vector
such that U is a Riesz basis for H (indexed by the elements of i), and a frame
vector is a vector ¢ such that U1 is a frame sequence for H (again using U as its
index set), and we adopt similar terminology for Parseval frame vectors and Bessel
vectors. We use RW (U), F(U), PFU), B(U) to denote, respectively, the sets of
Riesz vectors, frame vectors, Parseval frame vectors, and Bessel vectors for U.

One of the main tools in this work is the local commutant of a system of uni-
tary operators (see section 3.2). This is a natural generalization of the commutant
of the system, and like the commutant it is a linear space of operators which is
closed in the weak and the strong operator topologies, but unlike the commutant it
is usually not selfadjoint, and is usually not closed under multiplication. It contains
the commutant of the system, but can be much larger than the commutant. The
local commutant of a wavelet unitary system captures all the information about
the wavelet system in an essential way, and this gives the flavor of our approach
to the subject.

1.1.3. Normalizers. If U is a unitary operator and A is an operator algebra, then
U is said to normalize Aif U*- A-U = A . In the most interesting cases of operator-
theoretic interpolation: that is, for those cases that yield the strongest structural
results, the relevant unitaries in the local commutant of the system normalize the
commutant of the system.

1.2. Acknowledgement

This article was written in response to an invitation by the organizers of the 4th
International Conference on Wavelet Analysis and its Applications, Macau, China,
December 2005 [WAA2005] to be a keynote speaker. We thank the organizers for
their kind invitation to present these notes.
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2. Wavelets

For simplicity of presentation, much of the work in this article will deal with one-
dimensional wavelets, and in particular, the dyadic case. The other cases: non-
dyadic wavelets and wavelets in higher dimensions, are at least notationally more
complicated.

2.1. One Dimension

A dyadic orthonormal wavelet in one dimension is a unit vector ¢ € L*(R, u),
with p Lebesgue measure, with the property that the set

{28(2"t —1) :m,l € Z} (2)

of all integral translates of v followed by dilations by arbitrary integral powers
of 2, is an orthonormal basis for L?(R, u). The term dyadic refers to the dilation
factor “2”. The term mother wavelet is also used in the literature for ). Then the
functions
Vg = 221p(27t — 1)

are called elements of the wavelet basis generated by the “mother”. The functions
¥p,; Will not themselves be mother wavelets unless n = 0.

Let T and D be the translation (by 1) and dilation (by 2) unitary operators
in B(L?(R) given by (Tf)(t) = f(t — 1) and (Df)(t) = v/2f(2t). Then

282"t — 1) = (D"T'¥)(t)

for all n,l € Z. Operator-theoretically, the operators T, D are bilateral shifts of
infinite multiplicity. It is obvious that L?(]0, 1]), considered as a subspace of L?(RR),
is a complete wandering subspace for T, and that L?([—2, —1]U[1, 2]) is a complete
wandering subspace for D.

Let Up T be the unitary system defined by

Upr={D"T" :n,l cZ} (3)

where D and T are the operators defined above. Then v is a dyadic orthonormal
wavelet if and only if ¥ is a complete wandering vector for the unitary system
Up,r. This was our original motivation for developing the abstract unitary system
theory. Write

W(D,T) :==W(Up,r) (4)
to denote the set of all dyadic orthonormal wavelets in one dimension.

An abstract interpretation is that, since D is a bilateral shift it has (many)
complete wandering subspaces, and a wavelet for the system is a vector ¥ whose
translation space (that is, the closed linear span of {T" : k € Z} is a complete
wandering subspace for D. Hence 1 must generate an orthonormal basis for the
entire Hilbert space under the action of the unitary system.

In one dimension, there are non-dyadic orthonormal wavelets: i.e. wavelets
for all possible dilation factors besides 2 (the dyadic case). We said “possible”,
because the scales {0,1, —1} are excluded as scales because the dilation operators
they would introduce are not bilateral shifts. All other real numbers for scales
yield wavelet theories. In [5, Example 4.5 (x)] a family of examples is given of
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three-interval wavelet sets (and hence wavelets) for all scales d > 2, and it was
noted there that such a family also exists for dilation factors 1 < d < 2. There
is some recent (yet unpublished) work that has been done, by REU students and
mentors, building on this, classifying finite-interval wavelet sets for all possible real
(positive and negative scale factors). I will mention this work, in passing, in my
talk.

2.2. N-Dimensions

2.2.1. Expansive Dilations. Let 1 < m < oo, and let A be an n X n real matrix
which is ezpansive (equivalently, all (complex) eigenvalues have modulus > 1).
By a dilation - A regular-translation orthonormal wavelet we mean a function
¥ € L*(R™) such that

{|det(A)| 2 p(A™M — (I, g, ..., 1)) = m, 1 € Z} (5)

where t = (t1,...,t,)%, is an orthonormal basis for L?(R";m). (Here m is product
Lebesgue measure, and the superscript “t” means transpose.)

If A e M, (R) is invertible (so in particular if A is expansive), then it is very
easy to verify that the operator defined by

(Daf)(t) = |det Al f(At) (6)
for f € L2(R"), t € R", is unitary. For 1 <i < n, let T; be the unitary operator
determined by translation by 1 in the i* coordinate direction. The set (5) above
is then

{DT} - T i k1 € 2} (7)

If the dilation matrix A is expansive, but the translations are along some

oblique lattice, then there is an invertible real n xn matrix T such that conjugation

with Dr takes the entire wavelet system to a regular-translation expansive-dilation

matrix. This is easily worked out, and was shown in detail in [18] in the context of

working out a complete theory of unitary equivalence of wavelet systems. Hence
the wavelet theories are equivalent.

2.2.2. Non-expansive Dilations. Much work has been accomplished concerning the
existence of wavelets for dilation matrices A which are not expansive. Some of the
original work was accomplished in the Ph.D. theses of Q. Gu and D. Speegle,
when they were together finishing up at Texas A&M. Some significant additional
work was accomplished by Speegle and also by others. In [18], with Ionascu and
Pearcy we proved that if an nan real invertible matrix A is not similar (in the nxn
complex matrices) to a unitary matrix, then the corresponding dilation operator
D, is in fact a bilateral shift of infinite multiplicity. If a dilation matrix were to
admit any type of wavelet (or frame-wavelet) theory, then it is well-known that a
necessary condition would be that the corresponding dilation operator would have
to be a bilateral shift of infinite multiplicity. I am happy to report that in very
recent work [23], with E. Schulz, D. Speegle, and K. Taylor, we have succeeded
in showing that this minimal condition is in fact sufficient: such a matrix, with
regular translation lattice, admits a (perhaps infinite) tuple of functions, which
collectively generates a frame-wavelet under the action of this unitary system.
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3. More General Unitary Systems

3.1. Some Restrictions

We note that most unitary systems ¢/ do not have complete wandering vectors.
For W(U) to be nonempty, the set & must be very special. It must be countable if
it acts separably (i.e. on a separable Hilbert space), and it must be discrete in the
strong operator topology because if U,V € U and if x is a wandering vector for U
then
U=V >|Uz~Va| = V2

Certain other properties are forced on U by the presence of a wandering vector.
(Or indeed, by the nontriviality of any of the sets W(U), RW(U), F(U), PFU),
B(U).) One purpose of [5] was to investigate such properties. Indeed, it was a
matter of some surprise to us to discover that such a theory is viable even in some
considerable generality. For perspective, it is useful to note that while Up 1 has
complete wandering vectors, the reversed system

Urp={T'D" :n,l € 7}

fails to have a complete wandering vector. (A proof of this was given in the intro-
duction to [5].)

3.2. The Local Commutant

3.2.1. A Special Case: The System U/p 7. Computational aspects of operator the-
ory can be introduced into the wavelet framework in an elementary way. Here is
the way we originally did it: Fix a wavelet 1 and consider the set of all operators
A € B(L?(R)) which commute with the action of dilation and translation on 1.
That is, require
(Ay)(2"t — 1) = A(p(2"t — 1)) (8)
or equivalently
D"T' Ay = AD" T4 (9)
for all n,l € Z. Call this the local commutant of the wavelet system Up r at
the vector 1. (In our first preliminary writings and talks we called it the point
commutant of the system.) Formally, the local commutant of the dyadic wavelet
system on L?(R) is:

Cy(Up.1) :={A € B(L*(R)) : (AD"T" — D"T'A)s) = 0,Yn,l € Z} (10)

This is a linear subspace of B(H) which is closed in the strong operator topol-
ogy, and in the weak operator topology, and it clearly contains the commutant of
{D,T}.

A motivating example is that if 1 is any other wavelet, let V' := Vd:’ be the
unitary (we call it the interpolation unitary) that takes the basis 1, ; to the basis
Mn,i- That is, Vb, | = 1y for all n,l € Z. Then 1 = V), so VD"Th) = DTV
hence V € Cy(Up,T).

In the case of a pair of complete wandering vectors 1, n for a general unitary
system U, we will use the same notation VJ for the unitary that takes the vector
Uy to Un forall U € U.
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This simple-minded idea is reversible, so for every unitary V in Cy(Up 1)
the vector Vi is a wavelet. This correspondence between unitaries in Cy(D,T')
and dyadic orthonormal wavelets is one-to-one and onto (see Proposition 3.1).
This turns out to be useful, because it leads to some new formulas relating to
decomposition and factorization results for wavelets, making use of the linear and
multiplicative properties of Cy(D,T).

It turns out (a proof is required) that the entire local commutant of the sys-
tem Up 7 at a wavelet ¢ is not closed under multiplication, but it also turns out
(also via a proof) that for most (and perhaps all) wavelets ¢ the local commutant
at 1 contains many noncommutative operator algebras (in fact von Neumann al-
gebras) as subsets, and their unitary groups parameterize norm-arcwise-connected
families of wavelets. Moreover, Cy (D, T) is closed under left multiplication by the
commutant {D, T}, which turns out to be an abelian nonatomic von Neumann
algebra. The fact that Cy(D,T) is a left module under {D, T}’ leads to a method
of obtaining new wavelets from old, and of obtaining connectedness results for
wavelets, which we called operator-theoretic interpolation of wavelets in [5], (or
simply operator-interpolation).

3.2.2. General Systems. More generally, let S C B(H) be a set of operators, where
H is a separable Hilbert space, and let € H be a nonzero vector, and formally
define the local commutant of S at x by

Co(S) :={A € B(H) : (AS — SA)z =0, € S}

As in the wavelet case, this is a weakly and strongly closed linear subspace of
B(H) which contains the commutant S’ of S. If = is cyclic for S in the sense that
span(Sx) is dense in H, then z separates C,(S) in the sense that for S € C,(S),
we have Sz = 0 iff # = 0. Indeed, if A € C,(S) and if Az = 0, then for any S € S
we have ASz = SAz =0, so ASx =0, and hence A = 0.

If AeCy(S)and Be S, let C = BA. Then for all S € S,

(CS —SC)x = B(AS)x — (SB)Az = B(SA)x — (BS)Az =0

because ASz = SAxz since A € C,(S), and SB = BS since B € §'. Hence C,(S) is
closed under left multiplication by operators in §’. That is, C,(S is a left module
over §'.

It is interesting that, if in addition S is a multiplicative semigroup, then in
fact C,(S) is identical with the commutant S’ so in this case the commutant is not

a new structure. To see this, suppose A € C;(S). Then for each S,T € S we have
ST € S, and so

AS(Tz) = (ST)Axz = S(ATz) = (S)Tx
So since T' € § was arbitrary and span(Sz) = H, it follows that AS = SA.
Proposition 3.1. If U is any unitary system for which W(U) # 0, then for any
b ewl)
WU) ={Uy¢ : U is a unitary operator in Cy(U)}

and the correspondence U — U1 is one-to-one.
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Proposition 3.2. LetU be a unitary system on a Hilbert space H. If 1 is a complete
wandering vector for U, then:

(i) RWU) = {A¢ : A is an operator in Cy(U) that is invertible in B(H)};

(ii) FU) = {A¢ : A is an operator in Cy(U) that is surjective};

(ii) PFU) = {Ay : A is an operator in Cy(U) that is a co-isometry};

(ii) BU) = {A¢ : A is an operator in Cy(U)}

3.3. Operator-Theoretic Interpolation

Now suppose U is a unitary system, such as Up r, and suppose {¢1, 2, ..., ¥n} C
W(U). (In the case of Up p, this means that (¢1,%s2,...,1,) is an n-tuple of
wavelets.

Let (A3, As, ..., A,) be an n-tuple of operators in the commutant U’ of U,
and let n be the vector

n = Ay + Agpo + -+ Apthy
Then

n= A + AV + . AV
= (A1 + AV 4+ AV ) (11)
We say that n is obtained by operator interpolation from {11, o, ..., Ym}.
Since Cy, (U) is a left U’ - module, it follows that the operator
A=A+ AV 4+ AV (12)

is an element of Cy, (U). Moreover, if B is another element of Cy, () such that
17 = By, then A—B € Cy,(U) and (A— B)y1 = 0. So since 11 separates Cy, ()
it follows that A = B. Thus A is the unique element of Cy, (i) that takes ¢ to 7.
Let Sy, ...y, be the family of all finite sums of the form

zn: AV
=0

This is the left module of U’ generated by {I, wa, ceey VJ)/)I”}. It is the U'-linear
span of {I, wa,...,Vfl”}.
Let
Moy oopn = Sy )1 (13)

My, = {ZAHM : AiEU'} .
i—0

We call this the interpolation space for U generated by (¢1,...,1,). From the
above discussion, it follows that for every vector n € My, y,.... ., there exists a
unique operator A € Cy, (U) such that n = Aw)1, and moreover this A is an element
of Sy, -
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3.3.1. Normalizing the Commutant. In certain essential cases (and we are not sure
how general this type of case is) one can prove that an interpolation unitary V$
normalizes the commutant ¢’ of the system in the sense that V,*/’ Vv, =U'. (Here,
it is easily seen that (V))* = V;¥.) Write V := V. If V normalizes U’, then the
algebra, before norm closure, generated by U’ and V is the set of all finite sums
(trig polynomials) of the form Y A, V", with coefficients 4,, € U', n € Z. The
closure in the strong operator topology is a von Neumann algebra. Now suppose
further that every power of V is contained in Cy(U). This occurs only in special
cases, yet it occurs frequently enough to yield some general methods. Then since
Cy(U) is a SOT-closed linear subspace which is closed under left multiplication
by U’, this von Neumann algebra is contained in Cy(U), so its unitary group
parameterizes a norm-path-connected subset of W(U) that contains ¢ and n via
the correspondence U — U1.

In the special case of wavelets, this is the basis for the work that Dai and I
did in [5, Chapter 5] on operator-theoretic interpolation of wavelets. In fact, we
specialized there and reserved the term operator-theoretic interpolation to refer
explicitly to the case when the interpolation unitaries normalize the commutant.
In some subsequent work, we loosened this restriction yielding our more general
definition given in this article, because there are cases of interest in which we
weren’t able to prove normalization. However, it turns out that if ¢ and 7 are
s-elementary wavelets (see section 4.4), then indeed V] normalizes {D,T}". (See
Proposition 5.3.) Moreover, Vd:’ has a very special form: after conjugating with
the Fourier transform, it is a composition operator with a symbol o that is a
natural and very computable measure-preserving transformation of R. In fact, it
is precisely this special form for V$ that allows us to make the computation that
it normalizes {D, T'}’. On the other hand, we know of no pair (¢, n) of wavelets for
which V] fails to normalize {D,T}'. The difficulty is simply that in general it is
very hard to do the computations. This is stated as Problem 2 in the final section
on Open Problems.

In the wavelet case Up 1, if ¢ € W(D,T) then it turns out that Cy(Up )
is in fact much larger than (Up,r)" = {D,T}’, underscoring the fact that Up r is
NOT a group. In particular, {D, T}’ is abelian while Cy (D, T) is nonabelian for
every wavelet 1. (The proof of these facts are contained in [5].)

3.3.2. Interpolation Pairs of Wandering Vectors. In some cases where a pair ¢, 7
of vectors in W(U) are given it turns out that the unitary V in Cy(U) with V¢ =
n happens to be a symmetry (i.e. V2 = I). Such pairs are called interpolation
pairs of wandering vectors, and in the case where U is a wavelet system, they
are called interpolation pairs of wavelets. Interpolation pairs are more prevalent
in the theory, and in particular the wavelet theory, than one might expect. In
this case (and in more complex generalizations of this) certain linear combinations
of complete wandering vectors are themselves complete wandering vectors — not
simply complete Riesz vectors.
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Proposition 3.3. Let U be a unitary system, let v,n € W(U), and let V be the
unique operator in Cy(U) with Vip = n. Suppose
Vi=1.
Then
cosa - + isina-ne€WU)
for all 0 < o < 2.

The above result can be thought of as the prototype of our operator-theoretic
interpolation results. It is the second most elementary case. (The most elementary
case is described in the context of the exposition of Problem 4 in the final section.)
More generally, the scalar o in Proposition 3.3 can be replaced with an appropriate
self-adjoint operator in the commutant of . In the wavelet case, after conjugating
with the Fourier transform, which is a unitary operator, this means that « can be
replaced with a wide class of nonnegative dilation-periodic (see definition below)
bounded measurable functions on R.

4. Wavelet Sets

Wavelet sets belong to the theory of wavelets via the Fourier Transform. We will
do most of this section in a tutorial-style, to make the concepts more accessible to
students and colleagues who are not already familiar with them.

4.1. Fourier Transform

We will use the following form of the Fourier—Plancherel transform F on H =
L?(R), which is a form that is normalized so it is a unitary transformation, a
property that is desirable for our treatment.

If f,g € LY(R) N L3(R) then

FNE = = [ = fs), (149)
and )
F a0 = = [ ea(s)as (15)
We have
FTuf)0) = = [ et = ayit = e (F D))
So FT,Flg=e is®g. For A € B(H) let A denote FAF~!. Thus
To = My—ias, (16)

where for h € L>° we use M}, to denote the multiplication operator f — hf. Since
{M.-ias: a € R} generates the m.a.s.a. D(R) := {M: h € L(R)} as a von
Neumann algebra, we have

FArF~' =D(R).
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Similarly,
n _ L e—ist n n
FD 1)) = = [ e e

_ —-n L e—i27”st
— (o e
= (V2)2(Ff)(2* ") = (DT"Ff)(s).
So D" = D" = D*n, Therefore,
D=D"'=D* (17)

If fis an L2(R) function, as usual we write f(s) = (F(f))(s). If p(s) is a
real-valued function such that f(s) = e*?(®)| f(s)|, we call p(s) the phase of f. The
phase is well defined a.e. modulo 27-translation.

4.2. The Commutant of {D, T}

We have F{D,T}F~! = {D,T}. It turns out that {D,T}’ has an elementary
characterization in terms of Fourier multipliers:

Theorem 4.1.
{D,T} = {My: he L¥(R) and h(s) = h(2s) a.e.}.

Proof. Since D = D* and D is unitary, it is clear that M, € {ﬁ,f}' if and only
if M), commutes with D. So let g € L?*(R) be arbitrary. Then (a.e.) we have
(MypDg)(s) = h(s)(V2 g(2s)), and
(DMyg)(s) = D(h(s)g(s)) = Vh(25)g(2s).

Since these must be equal a.e. for arbitrary g, we must have h(s) = h(2s) a.e. O

Now let E = [-2,—-1)U[1,2), and for n € Z let E,, = {2"z: = € E}. Observe
that the sets E, are disjoint and have union R\{0}. So if g is any uniformly
bounded function on E, then g extends uniquely (a.e.) to a function § € L*(R)
satisfying

9(s) = 9(2s),  seR,
by setting
g(2"s) = g(s), se E,neZ,
and g(0) = 0. We have ||g]lcc = ||g|/co. Conversely, if h is any function satisfying

h(s) = h(2s) a.e., then h is uniquely (a.e.) determined by its restriction to E. This
1-1 mapping g — My from L*>°(FE) onto {D, T} is a *-isomorphism.
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We will refer to a function h satisfying h(s) = h(2s) a.e. as a 2-dilation
periodic function. This gives a simple algorithm for computing a large class of
wavelets from a given one, by simply modifying the phase (see also section 4.7):

Given 1,, let ) = F(v), choose a real-valued function h € L™ (E)
arbitrarily, let g = exp(ih), extend to a 2-dilation periodic (18)

function g as above, and compute Vg = f‘l(g@.

In the description above, the set E could clearly be replaced with [—27, —7)U
[r,27), or with any other “dyadic” set [—2a,a) U [a, 2a) for some a > 0.

4.3. The Shannon Wavelet

We now give an account of s-elementary and M SF-wavelets. The two most ele-
mentary dyadic orthonormal wavelets are the well-known Haar wavelet and Shan-
non’s wavelet (also called the Littlewood—Paley wavelet). The Shannon set is the
prototype of the class of wavelet sets.

Shannon’s wavelet is the L?(R)-function with Fourier transform Vg = \/%X Eo

where
Ey = [-2m, —7) U [m, 27). (19)

The argument that 125 is a wavelet is in a way even more transparent than for
the Haar wavelet. And it has the advantage of generalizing nicely. For a simple
argument, start from the fact that the exponents

{e: necz}
restricted to [0, 27] and normalized by \/% is an orthonormal basis for L2[0, 27].
Write Eo = E_UEy where E_ = [-2m, —), B, = [r,2n). Since {E_ +2m, B} } is

a partition of [0, 27) and since the exponentials e?** are invariant under translation
by 2, it follows that

eiés
cne’ 20
{\/ 21 | Eoy } ( )
is an orthonormal basis for L?(Ep). Since T= M, -is, this set can be written
{Th,: L7} (21)

Next, note that any “dyadic interval” of the form J = [b, 2b), for some b > 0 has
the property that {2"J: n € Z}, is a partition of (0, c0). Similarly, any set of the
form

K =[—2a,—a) U [b, 2b) (22)
for a,b > 0, has the property that

{2"K: n e Z}

is a partition of R\{0}. It follows that the space L?(K), considered as a subspace
of L?(R), is a complete wandering subspace for the dilation unitary (Df)(s) =
V2 f(2s). For each n € Z,

D™(L*(K)) = L*(27"K). (23)



156 D.R. Larson

So @,, D™(L*(K)) is a direct sum decomposition of L*(R). In particular Ey has
this property. So

eiés 62”1'@3
D" A ely = : Lel 24
{ V2 Eo } { V2 12-"Eq } ( )

is an orthonormal basis for L?(27"Ej) for each n. It follows that
{D"T*,: n,leZ}

is an orthonormal basis for L?(R). Hence {D"T%)s: n,{ € Z} is an orthonormal
basis for L?(R), as required.

For our work, in order to proceed with developing an operator-algebraic the-
ory that had a chance of directly impacting concrete function-theoretic wavelet
theory we needed a large supply of examples of wavelets which were elementary
enough to work with. First, we found another “Shannon-type” wavelet in the
literature. This was the Journe wavelet, which we found described on p. 136 in
Daubechies book [8]. Its Fourier transform is 1Z J= \/%XE ;> Where

327 4 4 327

Then, thinking the old adage “where there’s smoke there’s fire!”, we painstakingly
worked out many more examples. So far, these are the basic building blocks in the
concrete part of our theory. By this we mean the part of our theory that has had
some type of direct impact on function-theoretic wavelet theory.

4.4. Definition of Wavelet Set
We define a wavelet set to be a measurable subset E of R for which \/% XE is the

Fourier transform of a wavelet. The wavelet @E = \/%XE is called s-elementary
in [5].

It turns out that this class of wavelets was also discovered and systematically
explored completely independently, and in about the same time period, by Guido
Weiss (Washington University), his colleague and former student E. Hernandez (U.
Madrid), and his students X. Fang and X. Wang. Two of the papers of this group
are [9] and [17], in which they are called MSF (minimally supported frequency)
wavelets. In signal processing, the parameter s, which is the independent vari-
able for 1?, is the frequency variable, and the variable ¢, which is the independent
variable for 1, is the time variable. It is not hard to show that no function with
support a subset of a wavelet set E of strictly smaller measure can be the Fourier
transform of a wavelet. (Here, the support of a measurable function is defined to
be the set of points at which it does not vanish.) In other words, an MSF wavelet
has minimal possible support in the frequency domain. However, the problem of
whether the support set of any wavelet necessarily contains a wavelet set remains
open. It was raised by this author (Larson) in a talk about ten years ago, and has
been open for several years. We include it as Problem 3 in the final section of this
article. A natural subproblem, which was posed in the same talk, asks whether a
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wavelet with minimal possible support in the frequency domain is in fact an MSF
wavelet; or equivalently, is its support a wavelet set?

4.4.1. The Spectral Set Condition. From the argument above describing why
Shannon’s wavelet is, indeed, a wavelet, it is clear that sufficient conditions for F
to be a wavelet set are
(i) the normalized exponential \/%eiés, ¢ € Z, when restricted to E
should constitute an orthonormal basis for L?(E) (in other words E is
a spectral set for the integer lattice Z),
and

(ii) The family {2"E: n € Z} of dilates of E by integral powers of 2
should constitute a measurable partition (i.e. a partition modulo null
sets) of R.
These conditions are also necessary. In fact if a set F satisfies (i), then for it to
be a wavelet set it is obvious that (ii) must be satisfied. To show that (i) must be
satisfied by a wavelet set E, consider the vectors
1

E)@*“Ea

Since @E is a wavelet these must be orthogonal, and so the sets {2"E: n e Z}
must be disjoint modulo null sets. It follows that {\/%edﬂ g: ¢ € Z} is not only

~

D" = neZ.

an orthonormal set of vectors in L?(E), it must also span L?(E).

It is known from the theory of spectral sets (as an elementary special case)
that a measurable set E satisfies (i) if and only if it is a generator of a measurable
partition of R under translation by 27 (i.e. iff {E + 27n: n € Z} is a measurable
partition of R). This result generalizes to spectral sets for the integral lattice in
R™. For this elementary special case a direct proof is not hard.

4.5. Translation and Dilation Congruence

We say that measurable sets E, F' are translation congruent modulo 2w if there is
a measurable bijection ¢: E — F such that ¢(s) — s is an integral multiple of 27
for each s € FE; or equivalently, if there is a measurable partition {E,: n € Z} of
E such that

{En+2nm: neZ} (25)

is a measurable partition of F'. Analogously, define measurable sets G and H to
be dilation congruent modulo 2 if there is a measurable bijection 7: G — H such
that for each s € G there is an integer n, depending on s, such that 7(s) = 2"s;
or equivalently, if there is a measurable partition {G,}>° of G such that

{2"G}>, (26)

is a measurable partition of H. (Translation and dilation congruency modulo other
positive numbers of course make sense as well.)
The following lemma is useful.
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Lemma 4.2. Let f € L?>(R), and let E = supp(f). Then f has the property that
{e™f: neZ}
is an orthonormal basis for L*(E) if and only if

(i) E is congruent to |0,27) modulo 27, and
(i) |f(s)] = \/%7 a.e. on E.

If E is a measurable set which is 27-translation congruent to [0,27), then

since .
{6“8 . gez}
Vorlo,2m)

is an orthonormal basis for L2[0, 27] and the exponentials e
in the case of Shannon’s wavelet it follows that

ezés
e
{\/27T E }

is an orthonormal basis for L?(E). Also, if E is 2r-translation congruent to [0, 27),
then since

ils are 2m-invariant, as

{[0,27) + 27n: n € Z}
is a measurable partition of R, so is
{E+2mn: ne€Z}.

These arguments can be reversed.
We say that a measurable subset G C R is a 2-dilation generator of a partition
of R if the sets
2"G :={2"s: se G}, nez (27)

are disjoint and R\ U,, 2" G is a null set. Also, we say that £ C R is a 2x-translation
generator of a partition of R if the sets

E+2nm:={s+2nw: s€ E}, n €z, (28)
are disjoint and R\ U, (E 4 2nn) is a null set.

Lemma 4.3. A measurable set E C R is a 2w-translation generator of a partition
of R if and only if, modulo a null set, E is translation congruent to [0, 27) modulo
27. Also, a measurable set G C R is a 2-dilation generator of a partition of R
if and only if, modulo a null set, G is a dilation congruent modulo 2 to the set
[-27, —7) U [mr, 27).

4.6. A Criterion

The following is a useful criterion for wavelet sets. It was published independently
by Dai-Larson in [5] and by Fang—Wang (who were students of Guido Weiss) in
[9] at about the same time (in December, 1994). In fact, it is amusing that the two
papers had been submitted within two days of each other; only much later did we
even learn of each other’s work on wavelets and of this incredible timing.
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Proposition 4.4. Let E C R be a measurable set. Then E is a wavelet set if and
only if E is both a 2-dilation generator of a partition (modulo null sets) of R and
a 2m-translation generator of a partition (modulo null sets) of R. Equivalently, E
is a wavelet set if and only if E is both translation congruent to [0,2m) modulo 2w
and dilation congruent to [—2m, —m) U [, 27) modulo 2.

Note that a set is 2w-translation congruent to [0, 27) iff it is 27-translation
congruent to [—2m,m) U [m,27). So the last sentence of Proposition 4.4 can be
stated: A measurable set E is a wavelet set if and only if it is both 27-translation
and 2-dilation congruent to the Littlewood—Paley set [—2m, —7) U [rr, 27).

4.7. Phases

If F is a wavelet set, and if f(s) is any function with support E which has constant
modulus \/%—ﬂ on E, then F~'(f) is a wavelet. Indeed, by Lemma 4.2 {T*f: € Z}
is an orthonormal basis for L?(E), and since the sets 2"F partition R, so L?(E)
is a complete wandering subspace for ﬁ, it follows that {ﬁ"fé f: n,0 €7} must
be an orthonormal basis for L?(R), as required. In [9, 17] the term MSF-wavelet
includes this type of wavelet. So MSF-wavelets can have arbitrary phase and s-
elementary wavelets have phase 0. If ¢ is a wavelet we say [5] that a real-valued
function p(s) is attainable as a phase of 1 if the function e”(*)|¢)(s)| is also the
Fourier transform of a wavelet. So every phase is attainable in this sense for an
MSF or s-elementary wavelet. Attainable phases of wavelets have been studied in
[5] and [26], in particular.

4.8. Some Examples of One-Dimensional Wavelet Sets

It is usually easy to determine, using the dilation-translation criteria, in Propo-

sition 4.4, whether a given finite union of intervals is a wavelet set. In fact, to

verify that a given “candidate” set F is a wavelet set, it is clear from the above
discussion and criteria that it suffices to do two things.

1. Show, by appropriate partitioning, that F is 2-dilation-congruent to a set of
the form [—2a, —a) U [b, 2b) for some a,b > 0. and

2. Show, by appropriate partitioning, that E is 2r-translation-congruent to a
set of the form [c, ¢ + 27) for some real number c.

On the other hand, wavelet sets suitable for testing hypotheses can be quite
difficult to construct. There are very few “recipes” for wavelet sets, as it were.
Many families of such sets have been constructed for reasons including perspective,
experimentation, testing hypotheses, etc., including perhaps the pure enjoyment of
doing the computations — which are somewhat “puzzle-like” in nature. In working
with the theory it is nice (and in fact we find it necessary) to have a large supply
of wavelets on hand that permit relatively simple analysis.

For this reason we take the opportunity here to present for the reader a
collection of such sets, mainly taken from [5], leaving most of the work in verifying
that they are indeed wavelet sets to the reader.

We refer the reader to [6] for a proof of the existence of wavelet sets in R("™)
and a proof that there are sufficiently many to generate the Borel structure of
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R(™) . These results are true for arbitrary expansive dilation factors. Some concrete
examples in the plane were subsequently obtained by Soardi and Weiland, and
others were obtained by Gu and by Speegle in their thesis work at A&M. Two had
also been obtained by Dai for inclusion in the revised concluding remarks section
of our Memoir [5].

In these examples we will usually write intervals as half-open intervals [ - , )
because it is easier to verify the translation and dilation congruency relations (1)
and (2) above when wavelet sets are written thus, even though in actuality the
relations need only hold modulo null sets.

(i) As mentioned above, an example due to Journe of a wavelet which admits
no multiresolution analysis is the s-elementary wavelet with wavelet set

s N[ A ST Y [ 2
7,7T 7T,7 7,7r 7r,7.

To see that this satisfies the criteria, label these intervals, in order, as Ji, Js, J3, J4
and write J = UJ;. Then

32w 167 167 327
JiUdJy UdJs U Jy = [—7,—7> U [777> .

This has the form [—2a,a) U [b, 2b) so is a 2-dilation generator of a partition of
R\{0}. Then also observe that

{J1+67T,J2+27T,J3,J4—47T}

is a partition of [0, 27).
(ii) The Shannon (or Littlewood—Paley) set can be generalized. For any —m <
a < T, the set

E, =[-27+2a,—7+ a)U |1+ a, 27 + 2a)

is a wavelet set. Indeed, it is clearly a 2-dilation generator of a partition of R\{0},
and to see that it satisfies the translation congruency criterion for —7 < a < 0
(the case 0 < a < 7 is analogous) just observe that

{[-27 + 2, 27) + 4w, [-27, — 7 + a) + 27, [7 + @, 27 + 2a) }

is a partition of [0,27). It is clear that g, is then a continuous (in L?*(R)-norm)
path of s-elementary wavelets. Note that

i 1; 1
im = ——X[2r.47) -
S YE, \/%X[z ,4)

This is not the Fourier transform of a wavelet because the set [27,4m) is not a
2-dilation generator of a partition of R\{0}. So

lim ¥g,
o—>T

is not an orthogonal wavelet. (It is what is known as a Hardy wavelet because it
generates an orthonormal basis for H?(R) under dilation and translation.) This
example demonstrates that W(D, T) is not closed in L*(R).
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(iii) Journe’s example above can be extended to a path. For —Z < 3 < Z the

<

g
7
set

32 4 4 4

Jg = —77T,—47T+4,3> U [—W—G—,B,—,;T) U [;T,w—l-ﬂ) U [47r—|—4,6,47r—|— ;)
is a wavelet set. The same argument in (i) establishes dilation congruency. For
translation, the argument in (i) shows congruency to [43, 2w +4/3) which is in turn
congruent to [0,27) as required. Observe that here, as opposed to in (ii) above,
the limit of ¢, as 3 approaches the boundary point 7 is a wavelet. Its wavelet
set is a union of 3 disjoint intervals.

(iv) Let A C [, 37”) be an arbitrary measurable subset. Then there is a
wavelet set W, such that W N [, 37”) = A. For the construction, let

B = [27,37m)\24,
C= |:—7T, —g) \(A —2m)

and D =2A — 4.
Let
W = [327T,27T>UAUBUC’UD.

We have W N [, 37”) = A. Observe that the sets [37”, 2m), A, B,C, D, are disjoint.
Also observe that the sets

3T 1
-2 A, -B,2C,D
[ 2 ) Tr) ) ) 2 ) ) )
are disjoint and have union [—2m, —7) U [, 27). In addition, observe that the sets
3T
?,27r JA,B—27,C + 2w, D + 2m,
are disjoint and have union [0, 27). Hence W is a wavelet set.

(v) Wavelet sets for arbitrary (not necessarily integral) dilation factors other
then 2 exist. For instance, if d > 2 is arbitrary, let

2dm 21
A= __d+1’_d+1>’
[ onm 27
B=|—+——+, —
_clz—l’d—l-1>7
C— _2d7r7 2d%w
ld+1'd?>—-1

and let G = AUBUC. Then G is d-wavelet set. To see this, note that {A+27, B, C}
is a partition of an interval of length 2. So G is 27-translation-congruent to [0, 27).
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Also, {A, B,d™*C} is a partition of the set [~da, —a) U [3,df3) for a = 37, and
B = ™, so from this form it follows that {d"G: n € Z} is a partition of
R\{0}. Hence if ¢ := .7:_1(\/%)(@), it follows that {dzv¢(d"t — {): n,l € Z} is

orthonormal basis for L?(R), as required.

5. Operator-Theoretic Interpolation for Wavelet Sets

Operator-theoretic interpolation takes a particularly natural form for the special
case of s-elementary (or MSF) wavelets that facilitates hands-on computational
techniques in investigating its properties. Let E, F' be a pair of wavelet sets. Then
for (a.e.) z € E there is a unique y € F such that © — y € 27Z. This is the
translation congruence property of wavelet sets. Also, for (a.e.) z € E there is a
unique z € F'such that 7 is an integral power of 2. This is the dilation congruence
property of wavelet sets. (See section 2.5.6.)

There is a natural closed-form algorithm for the interpolation unitary Vf;

which maps the wavelet basis for 1Z g to the wavelet basis for 1Z r. Indeed, using both
the translation and dilation congruence properties of {E, F'}, one can explicitly

compute a (unique) measure-preserving transformation o := og mapping R onto

R which has the property that Vf ; is identical with the composition operator
defined by:

frfoo™t

for all f € L?(R). With this formulation, compositions of the maps o between
different pairs of wavelet sets are not difficult to compute, and thus products of
the corresponding interpolation unitaries can be computed in terms of them.

5.1. The Interpolation Map o

Let E and F be arbitrary wavelet sets. Let 0: E — F be the 1-1, onto map imple-
menting the 2r-translation congruence. Since E and F both generated partitions
of R\{0} under dilation by powers of 2, we may extend o to a 1-1 map of R onto
R by defining ¢(0) = 0, and

o(s) =2"0c(27"s) for se€2"E, neclZ. (29)
We adopt the notation of; for this, and call it the interpolation map for the ordered
pair (E, F).

F

Lemma 5.1. In the above notation, oy, is a measure-preserving transformation
from R onto R.

Proof. Let o := ok. Let Q C R be a measurable set. Let Q,, = QN2"E, n > Z, and
let E, =27"Q, C E. Then {Q,} is a partition of 2, and we have m(c(E,)) =
m(E,) because the restriction of o to E is measure-preserving. So
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=Zm =Zm(2"o(E
_22" =Z2“
—Zm (2"E Zm Q). O

A function f: R — R is called 2—h0mogeneous if f(2s) =2f(s) for all s € R.
Equivalently, f is 2-homogeneous iff f(2"s) = 2"f(s), s € R, n € Z. Such a
function is completely determined by its values on any subset of R which generates
a partition of R\{0} by 2-dilation. So £ is the (unique) 2-homogeneous extension
of the 27-transition congruence E — F. The set of all 2-homogeneous measure-
preserving transformations of R clearly forms a group under composition. Also,
the composition of a 2-dilation-periodic function f with a 2-homogeneous function
g is (in either order) 2-dilation periodic. We have f(g(2s)) = f(2¢g(s)) = f(g(s))
and g(f(2s)) = g(f(s)). These facts will be useful.

5.1.1. An Algorithm for the Interpolation Unitary. Now let
Ug := Uy, (30)

where if o is any measure-preserving transformation of R then U, denotes the
composition operator defined by U, f = foo™ !, f € L*(R). Clearly (ck)~! =o&
and (UE)* = UE. We have UL g = ¢ since o5 (E) = F. That is,

N N 1 1 N
UbYyp =Ypoor = ——X, 00p = ——X, = VF.

V2T Xz V2T

Proposition 5.2. Let E and F be arbitrary wavelet sets. Then Uf, € C@E (ﬁ,T).
Hence }"_IUE}" is the interpolation unitary for the ordered pair (Vg, V).

Proof. Write o = og and U, = Ug. We have UﬂZE = 1ZF since o(E) = F. We
must show
U,D"T"r = D"T'U, 5, n,l€ Z.
We have
(Us D" T"p)(s) = (U, f)"e_“SiZE)(S)
=U,2 Fe 27" ( ")
=g hei e W (270 (5))
=2 Fe 1T (27)
— 9% gmilo” (2%5)12(2‘"5).

This last term is nonzero iff 27™s € F, in which case o~ 1(27"s) = oE(27"s)

= 27"s + 2k for some k € Z since o¥ is a 27-translation-congruence on F. It

follows that e~ *(27"s) — ¢=i2™"s Hence we have
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(Ugﬁ"flizE)(s) = 2_%6_“8727181/#\1:' (27"s)
= (D"T"%r)(s)
= (D"T'U,¢g)(s).

We have shown UL € C iP5 (ﬁ, f) Since UE 1Z E = 1Z F, the uniqueness part of Propo-
sition 3.1 shows that F~1UZL F must be the interpolation unitary for (¢, vr). O

5.2. The Interpolation Unitary Normalizes the Commutant

Proposition 5.3. Let E and F be arbitrary wavelet sets. Then the interpolation
unitary for the ordered pair (Yg,¥r) normalizes {D, T} .

Proof. By Proposition 5.2 we may work with U g in the Fourier transform domain.

By Theorem 6, the generic element of {ﬁ, f}' has the form M}, for some 2-dilation-
periodic function h € L*°(R). Write o = ok and U, = Uf. Then

U MU, = Myyop . (31)

So since the composition of a 2-dilation-periodic function with a 2-homogeneous
function is 2-dilation-periodic, the proof is complete. 0

5.2.1. C4(D,T) Is Nonabelian. It can also be shown ([5, Theorem 5.2 (iii)]) that
if E,F are wavelet sets with E # F then UL is not contained in the double
commutant {D,T}". So since UL and {D,T} are both contained in the local
commutant of Up 7 at ¥, this proves that C iP5 (ﬁ, f) is nonabelian. In fact (see
[5, Proposition 1.8]) this can be used to show that Cy (D, T) is nonabelian for every
wavelet 1. We suspected this, but we could not prove it until we discovered the
“right” way of doing the needed computation using s-elementary wavelets.

The above shows that a pair (F, F') of wavelets sets (or, rather, their cor-
responding s-elementary wavelets) admits operator-theoretic interpolation if and
only if Group{Uf} is contained in the local commutant C T (D, T), since the re-

quirement that UE normalizes {ﬁ, f}' is automatically satisfied. It is easy to see
that this is equivalent to the condition that for each n € Z, o™ is a 2w-congruence
of E in the sense that (0™ (s) — s)/2m € Z for all s € E, which in turn implies that
o"(E) is a wavelet set for all n. Here 0 = o;. This property hold trivially if o is
involutive (i.e. 0 = identity).

5.2.2. The Coefficient Criterion. In cases where “torsion” is present, so (05)* is
the identity map for some finite integer k, the von Neumann algebra generated by
{D, T} and U := UE has the simple form

k
{Z My, U": h, € L®(R) with h,(2s) = hn(s), se€ R} :
n=0
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and so each member of this “interpolated” family of wavelets has the form

k
\/% D ha($)xon () (32)
n=0

for 2-dilation periodic “coefficient” functions {h,(s)} which satisfy the necessary
and sufficient condition that the operator

k
> M, Un (33)
n=0

is unitary.
A standard computation shows that the map 6 sending Zg My, U™ to the
k x k function matrix (h;;) given by
hij = haij 00~ (34)

where a(i,j) = (i + 1) modulo k, is a #-isomorphism. This matricial algebra is
the cross-product of {D,T}" by the x-automorphism ad(Uf) corresponding to
conjugation with Uf. For instance, if k = 3 then 6 maps

My, + My, UL + My, (UE)?

to
h1 ho hs
h300'_1 hloo_l hQOO’_1 . (35)
hsoo 2 hgoo 2 hioo 2

This shows that Zg M, U™ is a unitary operator iff the scalar matrix (h;;)(s)
is unitary for almost all s € R. Unitarity of this matrix-valued function is called
the Coefficient Criterion in [5], and the functions h; are called the interpolation
coefficients. This leads to formulas for families of wavelets which are new to wavelet
theory.

5.3. Interpolation Pairs of Wavelet Sets

For many interesting cases of note, the interpolation map og will in fact be an
involution of R (i.e. o o o = id, where o := og, and where id denotes the identity
map). So torsion will be present, as in the above section, and it will be present
in an essentially simple form. The corresponding interpolation unitary will be a
symmetry in this case (i.e. a selfadjoint unitary operator with square I).

It is curious to note that verifying a simple operator equation U? = I directly
by matricial computation can be extremely difficult. It is much more computation-
ally feasible to verify an equation such as this by pointwise (a.e.) verifying explicitly
the relation o oo = id for the interpolation map. In [5] we gave a number of exam-
ples of interpolation pairs of wavelet sets. We give below a collection of examples
that has not been previously published: Every pair sets from the Journe family is
an interpolation pair.
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5.4. Journe Family Interpolation Pairs

Consider the parameterized path of generalized Journe wavelet sets given in Sec-
tion 4.8 Item (iii). We have

Jg = —?)?T,—élw—él,B) U |:—7T+,6,—4,;T> U |:4,;T,7T+,6> U [47T—|—4,3,47T—|— 4,;)

where the set of parameters 8 ranges —7 < 8 < 7.

Proposition 5.4. Every pair (Jg,, Jg,) is an interpolation pair.

Proof. Let B1, 082 € [—%, %) with 51 < (2. Write o = 052 . We need to show that
o*(z) = (*)

for all # € R. Since o is 2-homogeneous, it suffices to verify (*) only for x € Jg,.
For x € Jg, N Jg, we have o(z) = z, hence o?(x) = x. So we only need to check
(*) for z € (J,\J3,). We have

Jﬁl\‘]ﬁz = [_7( + /617 -7+ /62) U [47T + 4/617 4T + 4/62)
It is useful to also write
Jﬁz\‘]ﬁl = [_47T + 4/617 —4m + 4/62) U [7T + /617 T+ /62)

On [—7 + By, —7 + B2) we have o(z) = z + 27, which lies in [7 4 1, 7 + (2).
If we multiply this by 4, we obtain 40(x) € [47 + 461,47 + 482) C Jg,. And on
[47 + 451, 47 +452) we clearly have o(x) = x — 8, which lies in [—47 +40;, —4n +
4035).

So for x € [-m + B1, —7 + [(2) we have

1 1

o?(z) = o(o(z)) = 10(40(90)) = 1[40(90) —8n]=o0(x) —2r =2+ 27 — 21 = z.

On [47+4061,47+4052) we have o(z) = x —8m, which lies in [-47 445, —4dn+
40,). So to(z) € [-7 + 1, —m + [2). Hence

- (}(@) - %o(x) +on

and thus

o2(z) = 4o (}(@) —4 [io(x) + 27r] —o(w) 48—z —8r 48T —a

as required.
We have shown that for all x € Js, we have 0%(z) = z. This proves that
(Js,,J3,) is an interpolation pair.
O
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6. Some Open Problems

We will discuss four problems on wavelets that we have investigated from an
operator-theoretic point of view over the past ten years, together with some re-
lated problems. The set of orthonormal dyadic one-dimensional wavelets is a set of
vectors in the unit sphere of a Hilbert space H = L?(R). It is natural to ask what
are the topological properties of W(D,T') as a subset of the metric space H? This
type of question is interesting from a pure mathematical point of view, speaking as
an operator theorist, and it just may have some practical consequences depending
on the nature and the degree of depth of solutions.

Problem 1: [Connectedness| This was the first global problem in wavelets that
we considered from an operator-theoretic point of view. In [5] we posed a number
of open problems in the context of the memoir. The first problem we discussed was
Problem A (in [5]) which conjectured that W(D,T') is norm-arcwise-connected. It
turned out that this conjecture was also formulated independently by Guido Weiss
and his group (see [9], [17, [26]) from a harmonic analysis point of view (our point
of view was purely functional analysis), and this problem (and related problems)
was the primary stimulation for the creation of the WUTAM CONSORTIUM — a
team of 14 researchers based at Washington University and Texas A&M University.
(See [26], for the first publication of this group.) This connectedness conjecture
was answered yes in [26] for the special case of the family of dyadic orthonormal
MRA wavelets in L?(RR), but still remains open for the family of arbitrary dyadic
orthonormal wavelets in L?(R), as well as for the family of orthonormal wavelets
for any fixed n and any dilation matrix in R™. A natural related problem which also
remains open, is whether the set of Riesz wavelets is connected. An intermediate
problem, which is also open, asks whether given two orthonormal wavelets is there
a continuous path connecting them consisting of Riesz wavelets? (Some evidence
for a positive answer to this problem is given by Proposition 6.1 below, which
easily shows that every point on the convex path connecting two wavelets (i.e.
(1 — ¢)y + tn)is a Riesz wavelet except for perhaps the midpoint corresponding
to t = 0.5. Thus this problem has an easy positive solution for many pairs of
orthonormal wavelets, but no way has been found to get around the midpoint
obstruction to show that all pairs are connected, perhaps by some exotic type of
path.) A subproblem is the same problem but for the set of frame-wavelets F(D,T)
(now widely called framelets). Is the set of all frame-wavelets connected?; or more
specifically—is the set of all Parseval frame wavelets connected? The reader can
easily deduce some frame versions of Proposition 6.1 using elementary spectral
theory of operators which provides some quick-and-easy partial results on paths
of frames. These are tantalizing, but the main problems still remain open.

All of these connectivity problems have counterparts for other unitary sys-
tems. For wavelet systems, they remain open (to our knowledge) for all dimensions
n and all expansive matrix dilation factors. And for other systems, in particular in
[14], we showed that for a fixed choice of modulation and translation parameters
(necessarily, of course, with product < 1) the set of Weyl-Heisenberg (or Gabor)
frames is connected in this sense, and also it is norm-dense in L?(R) in the sense
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of Problem 2 below. Although the Weil-Heisenberg (aka Gabor) unitary systems
are of a simpler operator-theoretic structure than the wavelet systems, and this
permits the use of some techniques which do not work so well in the wavelet theory,
even so this perhaps is another reason to think that general connectedness results
are possible within the wavelet theory.

Problem 2: [Density| Is the set RW(D,T) of all Riesz wavelets dense in the
norm topology in the Hilbert space L?(R)? This was posed as a conjecture by
Larson in a talk in August 1996 in a NATO conference held in Samos, Greece.
It was posed in the same spirit as the connectivity problem above, in the sense
that it asks about the topological nature of RW(D,T) as a subset of the metric
space L?(R). Like the connectivity problem it is a global type of problem. A pos-
itive answer might be useful for applications if it could be given a some type of
quantitative interpretation. A subproblem of this, which was discussed in several
subsequent talks, is the same density problem but for the set of frame-wavelets
F(D,T). (Of course a positive answer for wavelets would imply it for framelets.)
Like the connectivity problem, this problem makes sense for the family of Riesz
wavelets for any fixed n and any dilation matrix in R".

One of the reasons for thinking that this conjecture may be positive is the
following result, which we think is the most elementary application of operator-
theoretic interpolation. It is abstracted from Chapter 1 of [5], although the form
in [5] is a bit different.

Proposition 6.1. Let U be a unitary system on a Hilbert space H. If 11 and vy are
in WU), then

Y1+ Mpz € RWU)
for all complex scalars X with |\| # 1. More generally, if 1 and 12 are in RW(U)

then there are positive constants b > a > 0 such that 11 + Mpy € RW(U) for all
A € C with either || < a or with |\| > b.

Proof. If ¢1,¢2 € W(U), let V be the unique unitary in Cy, (i) given by Proposi-
tion 3.1 such that Vs = 1;. Then

Y1+ Mg = (V + M)aps.

Since V is unitary, (V + AI) is an invertible element of Cy, () if |A| # 1, so the
first conclusion follows from Proposition 3.2. Now assume 1,12 € RW(U). Let
A be the unique invertible element of Cy,(U) such that Ay, = 11, and write
1 + Mpy = (A + A)1hy. Since A is bounded and invertible there are b > a > 0
such that

o(A)C{zeC:a<|z| <b}

where o(A) denotes the spectrum of A, and the same argument applies.
O

The above proposition indicates that Riesz wavelets are plentiful. As men-
tioned above, by writing (1 — t)i2 + t¢1 = ((1 — ¢)V + tI)1)1, and using the fact
that the local commutant is a linear space so contains (1 — )V + tI, it follows
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that a convex combination of orthonormal wavelets is a Riesz wavelet except pos-
sibly for the mid-point corresponding to ¢ = 0.5 . So, if ¢ and 7 are orthonormal
wavelets, the line in the vector space L?(R) containing the pair v, n is in the norm
closure of the set of Riesz wavelets. Operator theoretic interpolation shows that
more general linear combinations of finite families of Riesz wavelets are very often
Riesz wavelets. And if one considers a finite family of wavelet sets C, with union
S, then the restricted sets of Riesz wavelets, or orthonormal wavelets, or Parse-
val framelets, or framelets, which are restricted in the sense that they have their
frequency support contained in S, is always connected if the family of wavelet
sets is an interpolation family, and these restricted sets of wavelets are very often
connected even if the interpolation family criterion fails for C. (In fact, it is a
conjecture that these restricted sets of wavelets are always connected.) Moreover,
these restricted sets are dense in L?(S) (considered as a subspace of L?(R)) if the
family C is an interpolation family, and it is yet another conjecture that they are
always dense in L?(S). It is also known (see [5] for instance) that the linear span
W(D,T) is dense in L?*(R). So these facts together suggest that it is probably true
that the set of Riesz wavelets RW(D, T) is dense in L?*(R). However, the problem
remains open. Also, as mentioned above under the connectivity problem, one can
easily deduce some frame versions of Proposition 6.1 using elementary spectral
theory of operators which provides some quick-and-easy partial results on density
of Riesz wavelets and framelets. However, the general problem for Riesz wavelets
remains open. (For the density problem for framelets, we mention that Marcin
Bownick has recently obtained a significant positive result! It appears that he has
solved the problem positively for framelets. But apparently it remains open for
Riesz wavelets.)

As with the connectedness problem, all of these problems have counterparts
for other unitary systems. For wavelet systems, they remain open (to our knowl-
edge) for all dimensions n and all expansive matrix dilation factors (except for the
recent interesting framelet density result of Bownick mentioned above). And for
other systems, as mentioned in the context of Problem 1, in [14] we showed that
for a fixed choice of modulation and translation parameters with product < 1 the
set of Weyl-Heisenberg (or Gabor) frames is dense in L?(R) in this sense. This is
another reason to think that general density results might be possible within the
wavelet theory.

Problem 3: [Frequency Support] (See section 4.4.) [Must the support of the
Fourier transform of a wavelet contain a wavelet set?] This conjecture was posed
about 10 years ago, by Larson, and the problem still remains open for the case of
dimension 1 and dilation factor 2. It makes sense for any finite dimension n and
any matrix dilation, and it apparently remains unsolved in any case. It has been
studied by several researchers, and Z. Rzeszotnik, in particular, has made some
progress on the problem. A related problem, also posed by Larson, (see section
4.4) asks whether a wavelet which has minimal support in the frequency domain
is necessarily an MSF wavelet. (In other words: Is a minimal support set in the
frequency domain necessarily a wavelet set).
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Problem 4: [Normalization] (See section 3.3.1.) If {¢,n} is a pair of dyadic
orthonormal wavelets, does the interpolation unitary V! normalize {D,T}'? As
mentioned above, the answer is yes if ¥ and 7 are s-elementary wavelets. This
problem makes sense for orthonormal wavelets in higher dimensions for matrix
dilation factors, and for other scalar dilations in one dimension. We know of no
counterexample for any of these cases. However, the problem might just lie in
the fact that in most cases, other than for wavelet sets, we have no reasonable
techniques for doing the computations. This problem was also discussed in context
in Section 3.3.1, and it could be the most important problem remaining in the
direction of further development of the unitary system approach to wavelet theory.
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Abstract. We present a group-theoretical approach for the continuous wavelet
transform on the sphere S™*, based on the Lorentz group Spin(1,n) (the con-
formal group of the unit sphere). We introduce transformations on the sphere
based on the decomposition of the group Spin(l,n) into the maximal com-
pact subgroup of rotations (Spin(n)) and the set of Mdbius transformations
in R™ of the form ¢q(z) = (z — a)(1 +az)™',|a| < 1. This approach presents
an advantage of allowing the full use of the whole of the conformal group
Spin(1,n), and in such way, it is a generalization of the continuous wavelet
transform defined by J. P. Antoine and P. Vandergheynst (see [1], [2]). We
will give an account of the influence of the parameter a arising in the def-
inition of dilatations / contractions on the sphere. Finally we give different
representations (with different properties) for the Hilbert space L2(S™ ') and
the Hardy space H>.
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1. Introduction

Wavelet analysis as proven useful in a myriad of applications due to the ability of
wavelets to resolve localized signal content in both scale and space (see [3]). Many
of these applications, however, are restricted to data defined in Euclidean space: the
1-dimensional line (signal processing), the 2-dimensional plane (image processing)
and, occasionally, higher dimensions. Nevertheless, data are often measured or
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defined on other manifolds, such as the sphere. A number of attempts have been
made to extend wavelets to the sphere, mainly via stereographic projection. Those
are not really satisfactory, due to the disregard of the spherical geometry and
the difficulty of defining dilatations on the sphere. Nevertheless it is possible to
introduce local dilatations on the sphere if one uses the conformal group, that
is, the Lorentz group SO(1,n). In [1] the authors use, for the 2-sphere case, the
Iwasawa decomposition of SO¢(1,3) (or KAN decomposition, where K is the
maximal compact subgroup, A = SO¢(1,1) =2 R = R is the subgroup of Lorentz
boosts in the z—direction and N = C is a two dimensional abelian subgroup).
They use the parameter space X = SOq(1,3)/N = SO(3) R, i.e., the product of
SO(3) for motions and R} for dilatations on S?. We want to remark that when we
impose this parameter space then some information is lost, since we do not make
full use of the whole conformal group.

Here we want to define a continuous wavelet transform on the unit sphere
which makes full use of the whole conformal group of the sphere. For that purpose
we use some well known facts in Clifford analysis, where the study of the invariance
group of null solutions of the Euclidean Dirac operator is of major importance (see
[4], [5]). In the case of the sphere this group coincides with the group of Mobius
transformations leaving the unit ball invariant [6]. One possible description of this
group is in terms of a projective identification of the points in the Euclidean space
R™ with the rays in the null cone in RH"*! (see [7], [8], [9]). Hence, the Mébius
group is identified with the group Spin(1,n + 1). This identification has been the
main theme of several works on Clifford analysis (see [8], [10]). Also related with
this approach is the study of the Clifford Analysis on hyperbolic spaces, and this
due to the fact that the subgroup Spin(1, n) of Mébius transformations leaving the
unit sphere invariant is the isometry group of these non-Euclidean geometries. For
an overview of the function theory in the hyperbolic unit ball we refer the work
of D. Eelbode ([10]). Furthermore, for the connection between wavelet theory and
Clifford analysis we also would like to refer to [11], [12], [13] and [14].

2. Preliminaries

Let RP? denote the n—dimensional vectorial space over R (n = p + ¢q) endowed
with an orthonormal basis e;,i = 1,...,n, and with signature (p,q) induced by
the non-degenerate bilinear form B(z,y) such that B(e;,e;) = —1for 1 <i <p
and Ble;,e;) = 1 for p < ¢ < n. We define R, ; as the universal real algebra
generated by RP? which preserves the bilinear form B(z,y). Hence we have e =
—B(e;,ei),i = 1,...,n and e;e; + eje; = 0,7 # j. For a vector x we have that
2% = —B(z, z) is real valued. A vector is said to be invertible if and only if it is
non-isotropic. In R%™ we have that each non-zero vector ¥ is invertible

We define the Clifford conjugation a — @ by ab = ba, € = —e;, and 1 = 1.
As a consequence, the inverse of a vector y is given by y~! = y/|y|?. We remark
that due to the non-commutative character of Clifford algebras, the inverse at
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left is in general different from the inverse at right. Usually we denote by 5 the

product zy~!, there is, by means of the right-hand side inverse. The particular
linear combination of basic elements e;, ...e;,, (1 <i1 < ... < i, < n), with equal
length k is designated a k—vector and we shall denote by [z]; the k-vector part of
x € R, ;. The linear subspace over R spanned by the elements of equal length £ is
to be called R’qu the space of k—vectors.

We introduce the Spin group Spin(p, q) of all even finite products of invertible
vectors s such that ss = +1. For each s € Spin(p, ¢) we have that the mapping
x(s) : & — x(s)xr = sxs'~! is a special orthogonal transformation, thus setting
Spin(p, q) as a double covering of SO(p, q).

3. Conformal Group of the Unit Sphere

Let us now take a look into the special case of the conformal group over the sphere.
We can parameterize this group in the form M (B™) ~ SO(n) x B™ where SO(n)
is the maximal compact subgroup of M (B™) and B" is isomorphic to a group of
Mébius transformations acting on the unit ball (see [8]). We consider the set of
Mébius transformations

va(z) = (x —a)1+ax)™t, a|<1 (3.1)

which maps the unit ball onto itself and also the sphere onto the sphere.

The composition of two such Mobius transformations is again (up to a rota-
tion) a Mébius transformation ¢, 0 @4(2) = ¢ (1—ab) -1 (a+b) ()7, Where ¢ = Ii%ggl'
We denote by a x b = (1 — ab)~!(a + b) the symbol of the new Mé&bius transfor-
mation. The symbol satisfies the relation (1 — ab)~!(a + b) = (a + b)(1 — ba)~L.
We notice that the neutral element under this group operation is ¢y = Id while
for an inversion we have ¢, 1(z) = ¢_,(z). We have that G = (M(B"),0) is a
(non-abelian) locally compact group. There exists a natural isomorphism between
this group and the group of points G* = (B", xX) by means of an identification of
each g <+ a € B™ and ¢, 0 ¢p <+ a X b.

Of special importance for this paper are the following two types of subgroups.

Example. Subgroups of dimension n—1: let w € S"~!. We consider the hyperplane
< w,z >= 0 and we define the ball B"~! as the intersection of the unit ball with
this hyperplane. Then we have:

Proposition 3.1. (see [15]) The set of points a € B"~! together with the group
operation X forms a subgroup of G*.

Ezample. Subgroups of dimension one: let L be the segment resulting from the
intersection of the unit ball with the straight line passing by the origin and spanned
by w. Then we have:

Proposition 3.2. (see [15]) The set of points a € L together with the group operation
X forms a subgroup of G* of dimension one.
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We remark that for each a € B™ the points a/|a| and —a/|a| are the fixed
points of ¢,.

4. Hyperbolic Model

For the construction of a theory of wavelets the study of dilatations is of foremost
importance. In the case of the sphere these dilatations are not given by simple
Euclidean dilatations through inverse stereographic projection, but by hyperbolic
rotations. In what follows we consider the Clifford Algebra R; ,, together with the
special identification € := e, 1, the vector that spans the time-axis.

A pure boost is viewed as a transformation B(w) which belongs to the Lie
algebra generated by the bi-vectors of the form ew, with w € S"~!. It has the
general form

@ @
s:cosh§+ewsinh§,a€R,wES"_l (4.1)
and it acts on space-time vectors according to the transformation rules X —

Y = s5X3s, and on functions via the (Spin-invariant) L—representation F(X) —
L(s)F(X) = sF(5Xs), or H—representation F(X) — H(s)F(X) = sF(5Xs)s.

Proposition 4.1. Let £ = Y ", &e; be a point on the sphere and s be of the form

(4.1).

Then the boost s&s yields the point on the sphere

g,zifi—l-((cosha—l)<§,w>—sinha)wi6i (4.2)
i=1

cosha —sinha < §,w >

We can relate transformations (3.1) and (4.2) in the following way:

Proposition 4.2 (see [8]). We assume, in (3.1), a = tw, with =1 < t < 1, and
w € S"~L. Then transformations (3.1) and (4.2) are related by means of

(0%
a=1n<m> and t= i ztanh(g).
1—t e* +1 2
As aresult we obtain an isomorphism between the subgroup of Lorentz boosts
in a fixed direction w € S"~! and the subgroup of Mé&bius transformations of di-
mension one mentioned in proposition 3.2. Moreover, a pure boost B(w) can always
be described as the composition R(e,,w) o B(e,) o R(w, ey,), where R(w, £) stands
for the rotation mapping w € S"~! into ¢ € S®~!. Therefore it is sufficient to
consider pure boosts in the e,-direction. We will consider the subgroup Spin(1,1)

as the subgroup of Lorentz boosts in the e,-direction. Its action on a given point
w=1{6;,¢ ;’_12 of S~ is fully determined by

W W = {(ej)ou Pa 7:_127 (4'3)

where
n o _ e tan ? (4.4)

(0j)a =0; and ta 5 5
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This action corresponds to a pure dilatation on the sphere and it is exactly the
usual Euclidean dilatation lifted on S"~! by inverse stereographic projection (see
[2]). We will show in the next section that the local dilatation around the North
Pole depends on two parameters (not only one as in [2]) if we use the whole
conformal group of the sphere.

It is well known that the group SO(1,n) has two different decompositions,
the so-called Iwasawa decomposition (or K AN-decomposition) and the Cartan
decomposition (or K AK-decomposition) (see [16] and [17]). We now show how to
obtain the K AK-decomposition for the Spin(1, n) group. We consider the following
elements of Spin(n)

0; . b
S; CcoSs 5 + e1ei4+1 Sin 5,

Sn—1 = COS ? + e,eq sin ?,
2 2

with 0 < 0, < 2m,i=1,...,n—2,and 0 < ¢ < 7. We identify the element s =
81 ...8n_25,_1 with the element £(01,...,0,_2,¢) € S~ = Spin(n)/Spin(n —1).
Then we obtain the following polar decomposition.

Lemma 4.3. For s like above we have @u(x) = Qsre,5(T) = Spre, (518)3, where
r=lal €0, 1].

Thus, a Mobius transformation can be described in terms of a point a €
x — axis N B™ and a convenient rotation induced by s. If we apply to the right-
hand side of this identity the rotation present in the usual Spin(1, n) decomposition
(see [8]) we derive the K AK decomposition for an arbitrary element of the group
Spin(1,n).

5. Influence of the Parameter a on Spherical Calottes

In this section we describe the influence of the parameter a € B™ on the generation
of the new spherical calotte obtained by the application of a Mobius transformation
pq to a given calotte. Without loss of generality we consider a spherical calotte
U, ={x € S"1 : 2, > h} centered at the North Pole, given in polar coordinates
by

x1 = cos(#))cos(Bh)---cos(B,_,)sin(¢)

xe = sin(6])cos(hh) - - cos(f),_5)sin(¢’)

x3 = sin(6})cos(y) - - - cos(0),_)sin(¢)
xn_l- = sin(6,_,)sin(¢)

x, = cos(¢’)

with 6] € [0,2x[,6; € [0,7[,i € {2,...,n—2} and ¢’ € [0, @], for a fixed ¢y € [0, 7],
with h = cos(¢y).
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Consider now the sphere S”~2 in the hyperplane z, = h
34+ +2x2 , = 1-h?
T, = h
We will consider this sphere as the support of the spherical calotte Uy,. Obviously
©0a(S™"2) is a new sphere (say, S?~2) and it stands for the support of the new

spherical calotte. For a complete description of the new spherical calottes obtained
see [15].

Definition 5.1. The image of the North Pole under the action of ¢, will be called
attractor point and it will be denoted by A. It is given by:

B 2ai(an—1) b
1+[al2—2an,

2an-1(an—1)
1+[al2—2an,

(1—|al*+2an (an—1)
1+lal*—2an J

Given an initial spherical calotte Uy, its image ¢, (Up) is a new spherical
calotte, say Uy, 4, centered in general at a different point on the unit sphere, whose
distance to its support hyperplane is given by
2r cos ¢ — h(1 + r?)

VE
where a = a(r,01,0s,...,0,_2,0), k = 4r?(rcos ¢ — h)?sin® ¢ + (1 — r? + 2r cos ¢
(rcos¢ — h))?, that is, this distance only depends on the parameters r and ¢.
Then we obtain a local analysis on the sphere given by the family of neighbor-
hoods {Ug};7;’0”’2 :r €00,1[,601 € 0,27, 0, ...,0,_2,¢ € [0, 7]. These neighbor-
hoods correspond to dilatations or contractions of the original calotte U}, under
consideration. We illustrate this with an example in R3:

dist =

+1 (5.2)

FIGURE 1. Spherical calotte for h = cos(m/6) = v/3/2: 1 - Uy, 2
Cr=1/2,0=51/3,¢=1/6,3-r=23/10,0 = 57/3,¢ = Tr /9.



Clifford Analysis and the CSWT 179

We have the advantage of having a preferable contraction inside the calotte
given by the position of the attractor point. The parameters 61, ..., 0, _o contribute
to the localization of the attractor point.

It is possible to define for each fixed h € [—1,1] two different regions on
the unit ball that will be called dilatation and contraction regions, respectively.
These two regions are separated by a surface S generated by a revolution of the
arc 7 (r) = (r(1 — (hr)?)/2,0,...,0,72h),r € [0,1] in turn of the z,—axis. The
dilatation region corresponds to the region in the unit ball above the surface S
while the contraction region corresponds to the region below the surface S. We
remark that ¢, (Us), a € S, have all equal area. They only differ by the localization
of the attractor point.

The particular case of [1] and [2] is obtained assuming the values ¢ = 0
(z;F —axis NB" - dilatation region) and ¢ = 7 (x,, —axis NB"™ - contraction region).
These two half axis can be used to generate/construct a sequence of approximation
spaces. However it is possible to choose other domains for the parameter’s variation
and thus we would obtain different sequences of approximation spaces.

6. The Continuous Spherical Wavelet Transform

We will consider two different Hilbert spaces. The first is the usual space of square
integrable functions on the sphere, namely, the space Lo(S™ 1) and the second is
the monogenic Hardy space H? C Ly(S™~!), which means the functions which can
be considered as boundary values of monogenic functions on the unit ball.

On the space Ly(S™ 1) we use the following inner product and norm

<tg>= [ F@gaasa), (6.1
and
1A =2 [ F@f@hds). (62)

where [A]p denotes the real part of the Clifford number A and dS(z) is the nor-
malized Spin(n)—invariant measure on S"~!. We consider the following unitary
operators

R1(s)f(xz) = f(Szs), s € Spin(n) (6.3)
and
Clal2\
Di@)fe) = (o) fea)ac B (6.4

We remark that in the case of a = re,, with r €] — 1, 1], via the change of
variables r = “=1 4 > 0, we obtain the operator

T_;,.]_)
D1 (u) f(x) = M (u, ¢) f(wi/u), (6.5)
where

n—1

4u? o
A (u, @) = (((u2 —1)cos ¢ + (u? + 1))2>
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and wy /,, is the notation used in (4.3) with a = In(1/u). This operator is the same
operator used in [2].
Based on the two operators defined above we consider the representation

71(s,0) f(2) = Ra(s) o Dy (a) f(x) =
e N
=(f") F(o—a(525)) (6.6)

1 — aszs|?
which can be proved to be equivalent to the representation

e
meh) = (o) e (6.7

with b = sas and the group operation (si,a1) o (s2,a2) = ($152, (s1a281) X a1),
where s1, 83 € Spin(n) and ay,as € B™.

By the results obtained in section 5 and lemma 4.3 we can restrict the point
a € B™ to the bidimensional parameter d = (rsing,0,---,0,7cos @), with r €
[0,1[ and ¢ € [0, 7]. In fact we can describe an arbitrary point @ € B™ in terms of
a point of the form d and a convenient rotation, as e.g.

a = 81°Sp-25n-1T€nSp—-15n-2"""51
= 4ds, (6.8)
with § = 51 -+-8,_2 € Spin(n) andd = s,,_1 re, S, (cf. lemma (4.3)). We remark
that, as seen before, the parameters 64, ...,60,_o only give us information about

the localization of the attractor point and this information can also be obtained
by the action of the Spin group.

In this way, D1(d) is our dilatation operator, which will be used from now
on.

With respect to the square integrability of our representation we have the
following theorem (see [15])

Theorem 6.1. A function 1 € La(S" "1, Ry ,,) is admissible if there exists a finite
constant ¢ > 0 such that

™ 1 r
3 |0l (d)[} - drdg < c (6.9)
o Jo (1-12)

where a,(cm)(d) =< H,gm),Dl(d)w > denotes the Fourier coefficients associated to
the orthonormal basis of spherical harmonics {H,gl),i =1,--- ,N(n,k)}?2,.

As a necessary (and almost sufficient) condition for the admissibility we have
(see [15]):

Proposition 6.2. Let 1) € Lo(S™™1) be a function with support on a given spherical
calotte Uy,. If 1 is an admissible function then it necessarily satisfies the condition

/ Y(y) __dS, =0, (6.10)
U (1+singy; +cosdpyn) *

V ¢ € [arccos(h), 7).
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It is difficult to prove the existence of wavelets if we consider the bidimen-
sional parameter d. However we can fix an angle ¢ € [0,7/2] and consider the
one dimensional subgroup of Md&bius transformations obtained by the parameter
dy = (tsing,0,...,0,tcos¢p), with —1 < ¢ < 1. Then we can reformulate our
admissibility condition (6.9).

Theorem 6.3. A function 1 € La(S" "1, Ry ,,) is admissible if there exists a finite
constant ¢ > 0 such that

(n dt

where a,(cm) (dg) =< H(m) ,D1(dy)¢ > denotes the Fourier coefficients.

Also the necessary condition (6.10) can now be stated as

/ L) R (6.12)
w, (|1 —wyl?) =

where w = (sin ¢, 0,...,0,cos¢) and U}, is chosen such that —cos¢ < h < cos ¢.
With this condition on the calotte the operator D;(dy) is a conformal dilata-
tion/contraction operator on the sphere (see [15]). This is a zero mean condition
and in the case ¢ = 0 we obtain the same necessary condition considered in [2],

f gn-1 %dS 0, which is the exact equivalent of the usual necessary
1+yn
condition for Euclidean wavelets, [¢(z)d" 'z = 0 (see [2]). One simple way to

construct wavelets to our case is to consider a function ¢ with compact support
on Uy, such that fU y)dS, = 0. Then the function ¢ (y) = (|1 — wy|2) T Y (y),
Yy € Uy is an (almost) adm1551ble function i.e., a wavelet.

For an admissible function ¢ and f € L2(S""!) we define the continuous
wavelet transform on the sphere as

V¢f(s, d¢) =< 7?1(8, d¢)¢, f >Ly -
Thus Vi, can be inverted on its range by its adjoint V,;° given by
VJF(x) =
o dt
(71(8,dg)) () F (s, dg) dpu(s) 7577
Spin(n) J -1 (1—1%)

In the case of the Hardy space H? we consider two different operators that
preserve the monogenicity of the function, namely,

Ry (s)f(x) = sf(sxs), s € Spin(n) (6.13)
and
Ds(a)f(z) =
(1~ 1) T2 foa(a)). (6.14)



182 P. Cerejeiras, M. Ferreira and U. Kéahler

Therefore we have the representation
ma(s,a) f(z) = Ra(s) o Da(a) f(x) =

n—1 1 —sxsa

= (1~ laf?) flo—a(szs)) (6.15)

2 S—————
|1 — aszs|™
This representation is equivalent to

1—xb

Fals, S (@) = (1= [af") "= T

sf(So_p(x)s) (6.16)
with b = sas.

Once again we restrict the parameter a to a parameter dg in order to have a
conformal dilatation/contraction operator on the sphere.

By considering an orthonormal basis of inner spherical monogenics (P (k) f)ren
for the Hardy space H? we can derive an admissibility condition for wavelets in
this space.

Theorem 6.4. A function ¢ € H? is admissible if there exists a finite constant
¢ > 0 such that

1
S [l e < (617

where a,(cm) (dy) =< P,gm), Do (dg)y >1, are the Fourier coefficients of Do (dg)1.
In the case of the Hardy space our necessary condition reads as follows.

Proposition 6.5. Let ¢ € H? be a function with compact support, i.e. v lives on a
spherical calotte Uy, such that — cos(¢) < h < cos(¢). If ¢ is an admissible function
then necessarily it satisfies the condition

1 —wy _
/uh 1= o (w)ds, =0 (6.18)

where w = (sin @, 0, ...,0,cos ).

Finally we define for an admissible ¢ € H? and f € H? the continuous
wavelet transform as

Wwf(s, d¢) =< 7?2(8, d¢)¢, f >Hy -

Let us remark that in this case Wy, f is monogenic in the unit ball.

We would like to remark that although 1) = 1 is not an admissible function if
we use it in this CWT we recover the Cauchy integral formula in Clifford Analysis
up to a constant factor.
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Clifford-Jacobi Polynomials and the Associated
Continuous Wavelet Transform
in Euclidean Space

Fred Brackx, Nele De Schepper and Frank Sommen

Abstract. Specific wavelet kernel functions for a continuous wavelet trans-
form in Euclidean space are presented within the framework of Clifford analy-
sis. These multi-dimensional wavelets are constructed by taking the Clifford-
monogenic extension to R™*! of specific functions in R™ generalizing the
traditional Jacobi weights. The notion of Clifford-monogenic function is a di-
rect higher dimensional generalization of that of holomorphic function in the
complex plane. Moreover, crucial to this construction is the orthogonal de-
composition of the space of square integrable functions into the Hardy space
H*? (R™) and its orthogonal complement. In this way a nice relationship is
established between the theory of the Clifford Continuous Wavelet Transform
on the one hand, and the theory of Hardy spaces on the other hand. Further-
more, also new multi-dimensional polynomials, the so-called Clifford-Jacobi
polynomials, are obtained.

Mathematics Subject Classification (2000). 42B10; 44A15; 30G35.

Keywords. Continuous Wavelet Transform; Clifford analysis.

1. Introduction

The wavelet transform has become quite a standard tool in numerous research and
application domains and its popularity has increased rapidly over the last decades
(see e.g. [1, 2, 3]).

Wavelets on the real line constitute a family of functions v, derived from one
single function 1, called the mother wavelet, by change of scale a (i.e. by dilation)
and by change of position b (i.e. by translation):

wa,b(x):% (x;b> ., a>0, beR
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In wavelet theory some conditions on the mother wavelet 1) have to be imposed.
We request 1) to be an Lo-function (finite energy signal) which is well localized
both in the time domain and in the frequency domain. Moreover v has to satisfy
the so-called admissibility condition:

+oo |7 2
Cy ::/ WOE 4, ¢ oo

—oo Ul

where 1Z denotes the Fourier transform of ¢. In the case where ¢ is also in L1, this
admissibility condition implies
—+oo
Y(z) de=0 .
o0

In other words: ¥ must be an oscillating function, which explains its qualification
as “wavelet”.

In practice, applications impose additional requirements, among which a given
number of vanishing moments:

—+oo
/ 2" Ylx)de=0, n=0,1,...,N .

This means that the corresponding Continuous Wavelet Transform (abbreviated
CWT):
z—b

F(avb):<¢a,b7f>=\}6/::0¢< ) f(z) dz

will filter out polynomial behaviour of the signal f up to degree N, making it
adequate at detecting singularities.

When considering two Lo-functions f and g with respective CWT-images F' and
G, the following inner product in the space of transforms may be introduced:

1 oo oo da
[F,G]_Cw/_oo /0 F(a,b) Gla,b) = db -

Taking into account the above mentioned admissibility condition for the mother
wavelet 1, the corresponding Parseval formula is readily obtained:

[F,G]=< f,g>

In other words, as a consequence of the admissibility condition the CWT is an
isometry from the space of signals into the space of transforms.

The CWT may be extended to higher dimensions while still enjoying the same
properties as in the one dimensional case. These higher dimensional CWTs typ-
ically originate as tensor products of one dimensional phenomena. However also
the non-separable treatment of two dimensional wavelets should be mentioned (see

[4])-

a

The classical wavelet theory can be extended to the Clifford analysis setting.
Clifford analysis may be regarded as a direct and elegant generalization to higher
dimension of the theory of the holomorphic functions in the complex plane, centred
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around the notion of monogenic function, i.e. a null solution of the Dirac operator
(Section 2).

The first step in the construction of multi-dimensional Clifford-wavelets, is the
introduction of new polynomials, generalizing classical orthogonal polynomials on
the real line to the Clifford analysis setting. Their construction rests upon a specific
Clifford analysis technique, the so-called Cauchy-Kowalewskaia extension of a real-
analytic function in R™ to a monogenic function in R™*!. One starts from a
real-analytic function in an open connected domain in R™, as an analogue of
the classical weight function. The new Clifford algebra-valued polynomials are
then generated by the Cauchy-Kowalewskaia extension of this weight function. For
these polynomials a recurrence relation and a Rodrigues formula are established.
This Rodrigues formula together with Stokes’s theorem lead to an orthogonality
relation of the new Clifford-polynomials. From this orthogonality relation we select
candidates for mother wavelets and show that these candidates indeed may serve
as kernel functions for a multi-dimensional continuous wavelet transform if they
satisfy certain conditions (see [5]).

We have applied the above technique and have constructed in this way Clifford-
wavelets on the basis of Clifford generalizations of the Hermite polynomials, the
Laguerre polynomials and the Gegenbauer polynomials (see [6, 7, 8, 9, 10]).

In this paper the remaining class of Clifford algebra-valued basic wavelet func-
tions is presented, namely the one based on a Clifford generalization of the classi-
cal Jacobi polynomials on the real line. As a Clifford generalization of the Jacobi
weight function, we take the Clifford algebra-valued function F'(z) = (14z)* (1—
z)? with o, 8 € R. The Cauchy-Kowalewskaia extension of this weight function
generates the so-called general Clifford-Jacobi polynomials (Section 3). For these
polynomials a recurrence relation and a Rodrigues formula are established, but no
orthogonality relation can be derived. However the special case @« =  + 1 does
yield orthogonal polynomials, which are called the special Clifford-Jacobi polyno-
mials (subsection 4.1). These polynomials are the appropriate building blocks for
the so-called Clifford-Jacobi wavelets (subsection 4.2). However, these wavelets do
not satisfy the mother wavelet conditions established in [5]. Nevertheless we are
able to use them as kernel functions for a multi-dimensional Clifford CWT. To
that end we are forced to use the orthogonal decomposition of the space of square
integrable functions into the Hardy space H?(R™) and its orthogonal complement
(subsection 4.3). In this way a nice relationship is established between the theory
of the Clifford CWT on the one hand, and the theory of Hardy spaces on the other
hand.

2. The Clifford Toolbox

Clifford analysis (see e.g. [11] and [12]) offers a function theory which is a higher
dimensional analogue of the theory of the holomorphic functions of one complex
variable. Consider functions defined in R™ (m > 1) and taking values in the



188 F. Brackx, N. De Schepper and F. Sommen

Clifford algebra R,, or its complexification C,,. If (ey,. .., en) is an orthonormal
basis of R™, then a basis for R,, or C,, is given by (e4 : A C {1,...,m}) where
ep = 1 is the identity element.
The non-commutative multiplication in the Clifford algebra is governed by the
rules:
ejep +ege; =—-20r , jk=1,....m .
Conjugation is defined as the anti-involution for which

e =—¢e , Jj=1,....m .

In the case of C,,, the Hermitian conjugate of an element A = >, Aa ea (Mg € C)
is defined by
N
A

where A denotes the complex conjugate of A4.

In what follows R*, denotes the subspace of k-vectors, i.e. the space spanned
by the products of k different basis vectors.

The Euclidean space R™ is embedded in the Clifford algebras R, and C,,
by identifying (z1,. .., z,,) with the vector variable z given by

m
T = E €;jLj
Jj=1

whereas the Euclidean space R™*! is identified with R% @ R. by identifying
(xo, 21, ..., ZTm) with the paravector zo + z .
The Spin-group

Spin(m) = {s=w1...w24 ;W esml i=1,...,2¢ KEN} ,

where S™~! denotes the unit sphere in R™, is a two-fold covering group of the
rotation group SO(m). For each T' € SO(m) there exists s € Spin(m) such that
T(z) =sz5=(—s) z (—3), forallz € R™ .

An R,,,- or C,,-valued function F(z1,. .., Zy), respectively G(xo, 1, .. ., Tm),
is called left monogenic in an open region of R™, respectively R™*! if in that
region:

0,F =0, respectively (0o +9:)G =0 .

Here 0, is the Dirac operator in R™ :

m
8£= E ej&:j s
Jj=1

whereas 0,, + 0 is the Cauchy-Riemann operator in R™*1.
The notion of right monogenicity is defined in a similar way by letting act the
Dirac operator, or the Cauchy-Riemann operator, from the right.
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A left, respectively right, monogenic homogeneous polynomial Pj of degree
k (k> 0) in R™ is called a left, respectively right, inner spherical monogenic of
order k.

If Q € R™ is open, then an open neighbourhood Q of Q in R™*! is said to

be zg-normal, if for each z € Q the line segment {z + ¢ ; ¢t € R} N Q is connected
and contains exactly one point in 2.
Considering R™ as the hyperplane 2o = 0 in R™*1, a real-analytic function f(z)
in an open connected domain 2 in R™ can be uniquely extended to a monogenic
function f*(zg,z) in an open connected and zg-normal neighbourhood Q of Q in
R™*+1, This so-called Cauchy-Kowalewskaia (CK-) extension of f(z) is given by

o ¢
Fr@o,x) = Y (1) ) df(a) - (2.1)
£=0
Introducing the fundamental solution E of the Cauchy-Riemann operator,
given by
1 To— T
Amy1 |zo + z|™H
where A,, 1 stands for the area of the unit sphere S™ in R™*!, we may define for
a square integrable function f € Lo(R™,dV(z)), its Cauchy integral in the half
spaces R7T = {(zg,z) € R™ = > 0} by

E(zg,z) =

€)@ 2) = E(ao, ) (. )a) = [ Blaw,z 1) ) dV(w) .

for zg # 0, where dV (y) stands for the Lebesgue measure on R™. This Cauchy

integral is a linear isomorphism between Lo(R™,dV(z)) and the Hardy space

H2(R) (see for e.g. [13]).

Two projection operators may be defined by considering the Ly(R™,dV (x)) non-

tangential boundary values for o — 0+ and xy — 0— of the Cauchy integral:
BHf) = lim Clf)(r0,2) = 5 f(2) + LHIf)()

11?0—>0 2
>

and

P=(f] = — Jim, Clf)(wo,2) = 5 7(x) L HI/)a) |

IL’D—>0
<
where H|[f] denotes the Hilbert transform of the function f. This yields the or-
thogonal decomposition of the space of square integrable functions into the Hardy
space H2(R™) and its orthogonal complement:
Ly(R™,dV(z)) = H*(R™) @ H*(R™)* .

In the sequel, the Fourier transform of f will be denoted by F[f]; it is defined

by

Q) = n) ™ [ e (ci<a6>) 1) V(o)

m
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The Fourier transform of the Hilbert transform is given by

FH[FI)(E) = in Ff1(€)

where we have used spherical co-ordinates in frequency space given by
E=pn , p=§€[0,40] , nE gm—t
Hence, the orthogonal decomposition of an Ly(R™, dV (z)) - function f :
=PI+ P[]

reads in frequency space

Flfl = 21 +in) FIf + 21— in) FLf]

2 2
Here the so-called Clifford-Heaviside functions
1 1
P+:§(1+ig) : P‘:i(l—@) , eSS,

appear; they were introduced independently by Sommen in [14] and McIntosh in
[15] and [16]. They are self-adjoint mutually orthogonal idempotents:

Pt +P =1; PfP =P P"=0; (P")?=P"; (P )>’=P . (22
Furthermore, they satisfy
i§ P =£|¢| P or £ P* =i |¢| P* . (2.3)

3. The General Clifford-Jacobi Polynomials

As a generalization to Clifford analysis of the classical Jacobi weight function, we
take the Clifford algebra-valued weight function F(z) = (1 + z)*(1 — z)? with
a, B € R. Keeping in mind the properties (2.2) and (2.3) of the Clifford-Heaviside
functions, we define the factor (1 + z)* as follows:

(14 2)*:=(1—ir)* P+ (1+ir)* P~

with r = |z|. Note that both terms (1 £ ir)* are well-defined for each r € [0, +o0].
Indeed, the complex-valued function (1 + 2)® (a € R) is defined in the whole
complex plane except for a branch cut, which can be chosen along the negative
real axis from —1 to —oo.

Similarly, we define

(1 —2)? = (1+ir)? PT+(1—ir)’ P~ .
This method for defining the factors (1 + z)* and (1 — z)? was also used in [15]
and [17].
Hence, the weight function may also be written as
F(z)= (1—ir)* (1+1ir)® PT+ (1414r)* (1—ir)’ P~
Note that the second term is the complex conjugate of the first one, which is in
accordance with the fact that F'(z) takes its values in the real Clifford algebra R,,.
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The general Clifford-Jacobi polynomials, denoted by JZ op(@) and J, | 5(z),
are generated by the CK-extension F*(z,x) of the weight function F(z) :

F*(xo, x)

o0

CL’Z
= D () OLF()

=0

e l
R [JZM( ) Pt (e >P-]
/=0

s l
Y G i [(J;,a,ﬁ@c))c P* 4 (T (@) P-]
=

~

8

By definition, we have
F*(0,2) = (1+2)* 1-2)7 ,
which yields
J(faﬁ@) =1 and J(;aﬁ(g) =0 .
Furthermore, the monogenicity of F*(xg, z) leads to the recurrence relation:
Jé+1aﬁ( 2) PT+ Jppy 0 p(z) P
= i((a=01+ir)—(B-0)1—ir)) z (JZa,ﬁ@) Pt + Jp o 5(@) P7)

+il(1+|z?) (=T, 5(z) PY+ Jp, 4(2) P)
— (1+|z?) r 02 (I, s(@) PT + T, 5() PT)
from which the general Clifford-Jacobi polynomials can be computed recursively.

It appears that J ( ) is a polynomial of degree 2¢ in the variable z.
One also has the Rodrlgues formula:

p-
p-

E((L+2)*(1 —z)?)
= (1) ((1 i) (L +ir)" ™ (I (@) P+ J;, 4(z) P)

+ (L+ir)*t (L—ir)? " (), 5(x) PT+ T, 4 )P‘)C>

Remark 3.1. Combining the above Rodrigues formula with Stokes’s theorem does
not yield an orthogonality relation for the general Clifford-Jacobi polynomials
w.r.t. the weight function F'(z). However, it is possible to construct orthogonal
polynomials in the special case where a = 3 + 1 (see next section).
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4. The Special Clifford-Jacobi Polynomials and Associated CWT
4.1. The Special Clifford-Jacobi Polynomials

In this section we consider the special case where « = 34+ 1 (8 € R), i.e. we
consider the Clifford algebra-valued weight function:

F(z) 1+2)°* (1-2)°
= (I+z) (1+ [z

Natural powers of the Dirac operator acting on the weight function can be written
as

o ((1 2P +x)) = (U )P (Lt 2) Tos(@)

with Jp g(z) a polynomial of degree ¢ in the vector variable z. The CK-extension
of F(x) then takes the form

e
T
CL’(), 7(') 1+|CL’| ’Gé(l-FCL’)Jg,g() .
=0
Remark 4.1. Note that if we take more generally a = 3+ n (n € N\ {1}), i.e. we

consider the weight function
Gla)=1+z)" (1+z*)? , n=2,3,4,...
then we can also write
Oy ((L+ ]2 (1 +2)") = A+ [z~ (L+2) Jopn(z)

with Jy g,n(2) a polynomial of degree n+ ¢ —1 in z.

However in order to obtain, by means of the CK-extension technique, orthogonal
polynomials w.r.t. the weight function G(z) we should have had a relation of the
form

5 ((L+1z*)? (1+2)") = (1 +z[) " A +2)" Jig,.(z)

with JZB,n@) a polynomial of degree ¢ in x.

Hence, the case « = f+1 is the only case where the CK-extension technique leads
to orthogonal polynomials w.r.t. the weight function.

Note that the same situation occurred when studying the generalized Clifford-
Jacobi polynomials on the open unit ball B(1) of Euclidean space (see [18]). These
Clifford algebra-valued polynomials, which were constructed by means of a differ-
ent approach, are orthogonal in B(1) w.r.t. the weight function (1+4iz)® (1 —iz)?
(o, B > —1). There the case 8 = a+1 is also special. Indeed, only when 8 = a+1,
it is possible to obtain an explicit recurrence relation for the generalized Clifford-
Jacobi polynomials.

From the monogenicity relation of F*(zg,z), we derive the recurrence rela-
tion:

Jerrp(z) =2(0 = Bz Jep(z) + (x—1) 0 ((1 +2) Jop(z))
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As Jy g(x) = 1, we thus obtain

Jipz) = m—(268+m)z

Jop(z) = —2Bm — 4Bz +28(28 +m)z?

Jsp(@) = —2Bm(m+2)+2B(2Bm +45—4+md)e
F2B(=4+ 45+ 26m -+ m?)a? + 20026 +m)(2 — 20 — )z
and so on.

From the explicit formula (2.1) for the CK-extension, we obtain the Rodrigues
formula:

Jiple) = (-1 U+ o (1407 82((1+2) (L4 1))
which together with Stokes’s theorem yields the following orthogonality relation.

Theorem 4.2. Whenever { <t < (=28 —m)/2, one has the orthogonality relation

[ Thea@) Tipaaa) 140) (1412 V() =0

4.2. The Clifford-Jacobi Wavelets
Note that Theorem 4.2 implies that for 0 < ¢ < (—=28 —m)/2

/ Jepre(z) (L+z) (1+[2[)” dV(z) =0 .
Consequently, the Ly N Lo-functions
Yeple) = Jepre(z) L+z) 1+ [z

(-1 o (a-+2) (1))

have zero momentum. In Section 4.3 we will show that they can be used as mother
wavelets; we call them the Clifford-Jacobi wavelets. Note that the condition
0 <t < (=28 —m)/2 forces us to make the restriction 8 < —m/2.

These Clifford-Jacobi wavelets are invariant under the rotation group
Spin(m), which means that

s Py p(Sas) s=vp(z) , s€ Spin(m)

Furthermore, the wavelets ¢, g(z) have vanishing moments if the condition
26 < —m —t — 1 is fulfilled, as is shown in the next proposition.

Proposition 4.3. If 20 < —m — t — 1, the Clifford-Jacobi wavelet ¢, g(z) has van-
ishing moments:

/ 2! Yy p(z) dV(z) =0
for0<j<-m-—-t—28—1andj<t.
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Moreover, the Fourier transform of the Clifford-Jacobi wavelets takes the
form:
9B+t+1

Flepl€) = (—i)tm |§|—m/2—,3—t—1§t

{|s|lcm/2+g+tus|>—-izrm/z+g+t+1uso s} (4.1)

with K, (t) the modified Bessel function of the second kind, also called Macdonald
function.

4.3. The Clifford-Jacobi CWT

The Clifford-Jacobi wavelets do not satisfy the mother wavelet conditions of the
general Clifford CWT theory established in [5]. Indeed, in view of (4.1) we see that

Flesl©) (Flesl(©)"

Bt N\ 2
~ (tr5g) 16 (Rnyaepsal1€D)* + (Kasaens 16)°)
£

9B+t+1 \ 2 -
-2 =—— TP K, K,,
i(5sy) pressios () Konpaopra(1€D) ¢
which is in fact not radial symmetric (i.e. only depending on [£]) as it should be.
Nevertheless we are able to use the Clifford-Jacobi wavelets as kernel func-
tions for a multi-dimensional Clifford CWT. For this purpose, we are forced to
decompose each square integrable function f € Lo(R™,dV(z)) into its Hardy
components (see Section 2)

(4.2)

F=F 4P
with )
PHIf] = (7 + HIf]) € H2(R™)
and
Pl = o (f — HIf) € HX®™)

In what follows, we briefly denote f* = P*[f].
In this way we define, still for 0 < ¢ < (=28 — m)/2, the ’half’ Clifford-Jacobi
CWTs by

Tt%,@[fi](avb) = Ft%,@(avb)
= <uii. o>
= [ i) e v,

where the continuous family of wavelets

a,b 1 Z _b
o= o ()
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with a € Ry and b € R™ originates from the mother wavelet 1, g by dilation and
translation.

The definition of the ’half’ Clifford-Jacobi CWTs can be rewritten in frequency
space as

Fy(a,b) = (2m)™2 a™/2 f[(ﬂwt,guaf))*ﬂfﬂ(s) (b . (43)

We now prove that the "half’ Clifford-Jacobi CWT Tt '3, respectively T 5,

maps the Hardy space H2(R™), respectively H?(R™)~, isometrically into a weight-
ed Ly-space on Ry x R™.
To that end we calculate

oo i Gi da
N F CL b tﬁ(a,b) W dV(b) . (44)

In view of (4.3) and the Parseval formula, we obtain

+oo da
/m/ (Fi5(a,0)" GEy(a,b) o V() =
+oo "
(2m)™ /Rm (}-[fi](@) (/0 }-Wt,,@](aé) (}-Wt,,@](aé))T d) }-[gi](f) awvie)

a

By means of the substitution
§ =

the integral between brackets becomes

n, nes™t

r
a

oo oo dr

Fibnol(0) (Flinsl@) 5 = [ Flonslen) (Flvnslrm)'

0
Next, using expression (4.2) we find
—+oo

Flnsl(e) (Figusl(@8)' °F =1 team

with

¢ = (%) /0+°° romeo ((Km/2+ﬂ+t(7”))2 + (Km/2+ﬁ+t+1(7”))2> dr

and

. 28 +t+1 e —m-28-1
= -2 (I‘(—,B—t)) /0 r K joapats1(r) Kmjoypae(r) dr .

Note that ¢; and co are finite constants, since the modified Bessel functions of the
second kind K, with Im(v) = 0, have the following limiting behaviour:

Kel®) & o (el (—|1u|!> @)M fore =0
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and
1/2
K, (z)~ (21) exp (—z) forz — o0 ,
x

and since moreover we consider 0 < t < (—28 —m)/2.
Consequently, the integral (4.4) becomes

Foo i ot da
N F CL b tﬁ(a,b) W dV(b)

o 1 < 71, 7>
renma [ (FFO) 1 FQ e
As
nFlgE = nP* Flgl©
= PR
= ¥ Flg)©)

this integral can be further simplified to

oo i Gi da
N F CL b tﬁ(a,b) W dV(b)

= (27r) (c1 Fica) < 9t >

Hence we can define the following inner products on the spaces of transforms

Feo da
+ i i +
[Ft ﬂ’G Ci /m/ F CL b Gt”@(a,b) W dV(b)
with
Ci = (27T)m (Cl + iCQ) .
These inner products satisfy the Parseval formulae:
[Fti,@7Gi ] =< fi7gi >

which implies that the *half’ Clifford-Jacobi CWTs T t.5 are isometries, as it should
be.

The twin transforms thfﬂ may be combined into a 'complete’ Clifford-Jacobi
CWT acting on Ly (R™,dV (x)). Indeed, for f € Lo(R™,dV(z)) we put

Tt,ﬂ[f](CL)b) = Ft,ﬂ(CL)b)
= < w;ﬁ . f>
= <YPR,fr eyl f >
= F4(a,b) + F,4(a,b) .
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Remark 4.4. The CK-extension technique also works for the more general weight
function

G(z) = (1+z) (L+z*)° Pu(z) , BER
with Pj(x) an arbitrary but fixed left inner spherical monogenic of order k. In
this way, one obtains the so-called generalized special Clifford-Jacobi polynomi-
als Jygr(z) (t = 0,1,2,...) which are the appropriate building blocks for the
generalized Clifford-Jacobi wavelets given by

Ve g1 (2) (1+12*)° (1 +2z) Ji pse.n(z) Prlz)
(1)" 8t ((1 T2l (14 ) Pk<x>) |

Naturally, these wavelets are not invariant under the rotation group Spin(m).
Hence this group must be taken into consideration when defining the associated
CWT.

References

1] C. K. Chui, An Introduction to Wavelets. Academic Press, Inc., San Diego, 1992.

2] I. Daubechies, Ten Lectures on Wavelets. SIAM, Philadelphia, 1992.

3] G. Kaiser, A Friendly Guide to Wavelets. Birkhduser Verlag (Boston, 1994).

4] J.-P. Antoine, R. Murenzi, P. Vandergheynst and Syed Twareque Ali, Two-
Dimensional Wavelets and their Relatives, Cambridge University Press, Cambridge,
2004.

[5] F. Brackx, N. De Schepper and F. Sommen, New multivariable polynomials and their
associated Continuous Wavelet Transform in the framework of Clifford Analysis. In:
L.H. Son, W. Tutschke, S. Jain (eds.), Methods of Complex and Clifford Analysis
(Proceedings of ICAM Hanoi 2004), SAS International Publication, Delhi, 2006,
275-294.

[6] F. Brackx and F. Sommen, Clifford-Hermite Wavelets in Euclidean Space, Journal
of Fourier Analysis and Applications 6, no. 3 (2000), 299-310.

[7] F. Brackx and F. Sommen, The Generalized Clifford-Hermite Continuous Wavelet
Transform, Advances in Applied Clifford Algebras 11(S1), 2001, 219-231.

[8] F. Brackx, N. De Schepper and F. Sommen, The Bi-axial Clifford-Hermite Contin-
uous Wavelet Transform, Journal of Natural Geometry 24 (2003), 81-100.

[9] F. Brackx, N. De Schepper and F. Sommen, The Clifford-Laguerre Continuous

Wavelet Transform, Bull. Belg. Math. Soc. - Simon Stevin 11(2), 2004, 201-215.

[10] F. Brackx, N. De Schepper and F. Sommen, The Clifford-Gegenbauer Polynomials
and the Associated Continuous Wavelet Transform, Integral Transform. Spec. Funct.
15 (2004), no. 5, 387-404.

[11] F. Brackx, R. Delanghe and F. Sommen, Clifford Analysis, Pitman Publ., Boston,
London, Melbourne, 1982.

[12] R. Delanghe, F. Sommen and V. Soucek, Clifford Algebra and Spinor-Valued Func-
tions. Kluwer Acad. Publ., Dordrecht, 1992.

[
[
[
[



198 F. Brackx, N. De Schepper and F. Sommen

[13] J. Gilbert and M. Murray, Clifford Algebras and Dirac operators in harmonic anal-
ysis, Cambridge: University Press 1991.

[14] F. Sommen, Some connections between complex analysis and Clifford analysis. Com-
plex Variables: Theory and Application 1 (1982), 97-118.

[15] C. Li, A. McIntosh and T. Qian, Clifford algebras, Fourier transforms and singular
convolution operators on Lipschitz surfaces, Revista Matematica Iberoamericana 10
(1994), no. 3, 665-721.

[16] A. McIntosh, Clifford Algebras, Fourier Theory, Singular Integrals and Harmonic
Functions on Lipschitz Domains. In: J. Ryan (ed.), Clifford Algebras in Analysis
and Related Topics, CRC Press, Boca Raton, 1996, 33-87.

[17] J. Peetre and T. Qian, Mdobius covariance of iterated Dirac operators, J. Austral.
Math. Soc. (Series A) 56 (1994), 1-12.

[18] F. Brackx, N. De Schepper and F. Sommen, Clifford algebra-valued orthogonal poly-
nomials in the open unit ball of Euclidean Space, International Journal of Mathe-
matics and Mathematical Sciences 52 (2004), 2761-2772.

Fred Brackx

Clifford Research Group, Department of Mathematical Analysis,
Faculty of Engineering, Ghent University,

Galglaan 2, B-9000 Gent,

Belgium

e-mail: fb@cage.ugent.be

Nele De Schepper

Clifford Research Group, Department of Mathematical Analysis,
Faculty of Engineering, Ghent University,

Galglaan 2, B-9000 Gent,

Belgium

e-mail: nds@cage.ugent.be

Frank Sommen

Clifford Research Group, Department of Mathematical Analysis,
Faculty of Sciences, Ghent University,

Galglaan 2, B-9000 Gent,

Belgium

e-mail: £s@cage.ugent.be



